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Notation

Sets and logic

Notation Meaning

N={1,23,...} Natural numbers.

Z Integers.

Q Rational numbers.

R Real numbers.

xe€A ¢ A Membership and nonmembership.

0 Empty set.

{r e X:P(x)} Elements of X satisfying P.

29 Power set of S.

ACB A is a subset of B, possibly A = B.

ACB A is a proper subset of B.

AU B, U A; Union and indexed union.
iel

ANB, ﬂ A; Intersection and indexed intersection.
iel

A\ B Set difference.

A€ Complement of A relative to the stated universe.

Ax B Cartesian product.

A" n-fold Cartesian product of A.

-P Negation of P.

PAQ Conjunction: P and Q.

PVQ Disjunction: P or Q.

P=Q Implication.

P&sQ Logical equivalence.

v Universal quantifier: for every.

= Existential quantifier: there exists.

Functions and sequences

Notation Meaning

f:X—>Y Function with domain X and codomain Y.

f(A) Image of A C X under f.

f(X) Range of f.

4B Preimage of BCY.

fliYy - X Inverse of a bijective function f: X — Y.

gof Composition, with f applied first.

(xr)22 1, (zx) Sequence.

(Tk,)520 Subsequence of (zy).

Tk — T Convergence of () to x.

v



Notation

Functions and sequences (continued)

Notation Meaning

lim f(x) Limit of f(z) as x approaches a.

r—a

rla xTa Approach to a from the right and left, respectively.
sup 4, inf A Supremum and infimum of A C R.

max A, min A Maximum and minimum of A, when attained.

Euclidean space and order

Notation Meaning
R™ Real column vectors of dimension n.
r=(21,...,0,)" Column vector and its coordinates.
e; ith standard basis vector.
n
Ty = Z TiYi Euclidean inner product.
i=1
lal Absolute value of a scalar.
[l]| Euclidean norm of a vector.
d(z,y) = ||z =y Euclidean distance.
B(z,r) Open ball with center z and radius r.
int D Interior of D.
x>y x; > y; for every 1.
x>y x>yand x #y.
T>y x; > y; for every 1.
R? ={z €eR":z >0} Nonnegative orthant.
R}, ={zcR": 2> 0} Positive orthant.
Linear algebra
Notation Meaning
A = (a;;) e R™*" Real m x n matrix; ¢ indexes rows and j columns.
AT 2T Matrix transpose; transpose of a column vector.
zly=z-y Matrix form of the inner product.
I, n X n identity matrix; write I when the dimension is clear.
diag(dy,...,dy) Diagonal matrix with the displayed diagonal entries.
AB Matrix product; (AB);; = >, aikbr;.
span{vy, ..., vk} Span of the displayed vectors.
dimV Dimension of a vector space V.
Row(A) Row space of A.
Col(A) Column space of A.
rank A Rank of A.
N(A) ={z: Az =0} Null space, or kernel, of A.
- Matrix inverse.
det A Determinant of a square matrix.
trA Trace of a square matrix.
Av =AM, v#0 Figenvalue A and associated eigenvector v.

Calculus and curvature

Notation Meaning

To, h =1 — x9 Base point and increment.
1 (zo) Ordinary derivative at .




Notation

vi

Calculus and curvature (continued)

Notation Meaning

of . . o

oz, (z0) ith partial derivative at zg.

V f(xo) Gradient of a scalar-valued function; an n x 1 column.
dfz,(h) Differential of f at xzq, applied to h.

DF(xo) Jacobian of F': R” — R™; an m X n matrix.

Df(zo) = Vf(xo)" Jacobian—gradient relation for scalar-valued f.

D.F, DgF Partial Jacobians with respect to x and 6.

Cct, C? Once and twice continuously differentiable.

Oy f(x0) Directional derivative in v; v need not be normalized.
Hy(z) =D(Vf)(x) Hessian of a scalar-valued function.

Qa(z) =2" Ax Quadratic form associated with A.

A Principal submatrix using rows and columns indexed by I.

A = detA{l)wk}
(1—t)x +ty, t €0,1]
Sa(f) ={z: f(z) = a}
H(a,e)={z:a-z=c}

kth leading principal minor.

Convex combination of z and y.
Superlevel set of f at level a.
Hyperplane with normal a at level c.

Optimization and constraints

Notation Meaning

f(z;0) Objective at choice z and parameter 6.

x, 0 Choice or endogenous variable; parameter.

D(6) Feasible set at parameter 6.

max flx) Maximum, used when attainment is established.

sup f(x) Supremum, without presuming attainment.

zeD

arg max f(z) Set of maximizers; arg min denotes the set of minimizers.
zeD

r* Candidate or optimizer, as context indicates.

X*(6) Solution set arg max,¢ p gy f(z; ).

V(6) Optimized value, when a maximum is attained.

h(z)=0 Equality constraints.

g(z) >0 Inequality constraints in a maximization problem, componentwise.

n Unrestricted equality-constraint multipliers.

A>0 Inequality-constraint multipliers.

L(x, p, A; 6) Lagrangian f 4+ pu-h+ A-g.

I(x) ={i: gi(z) =0} Active set of inequality constraints.

Aigi(z) =0 Complementary slackness.

LICQ Linear independence constraint qualification.

KKT Karush-Kuhn—Tucker conditions.

T = N(Dh(z*))

Tangent space at a regular equality-constrained point.

Fixed points and correspondences

Notation Meaning

fla*) =a* Fixed point of a function f: X — X.
r-Xx=yvy Correspondence, or set-valued map.

I'z) CY Value of the correspondence at z.

xz* e I'(z*) Fixed point of a correspondence I' : X = X.

Belo,1)

Contraction modulus.




Notation vii

Dynamic programming

Notation Meaning
t=0,1,2,... Time index.
k¢ Capital, or state, at date t.
ct Consumption at date ¢.
kiv, K Next-period capital; the recursive choice.
U One-period utility.
f Production function.
B e (0,1) Discount factor.
V (k) Value function at state k.
g(k) Policy function at state k.
Vi(k) Finite-horizon value at date ¢.
ses State in a general stationary problem.
acT(s) Feasible action at state s.
r(s,a) Current reward.
s’ = F(s,a) State transition.
B(S) Bounded real-valued functions on S.
lv]|oo = sup|v(s)| Sup norm on B(S).
ses
(Tv)(s) sup {r(s,a) + Bv(F(s,a))}; Bellman operator.
a€l'(s)

TV =V Bellman equation as a fixed-point equation.




Lecture 1

Sets, Functions, Logic, and Proofs

1.1 Sets

1.1.1 Definition and Operations

A setis a collection of objects which we call elements. We typically denote sets by capital letters
and elements by lowercase letters. If x is an element of a set A, we write x € A. If x is not an
element of A, we write z ¢ A. For example, if A = {1,2,3}, then 1 € A and 4 ¢ A.

There are multiple ways to describe a set. One is to list its elements, as in A = {1,2,3}.
Another is to describe a property that characterizes its elements, as in B = {x € R : > 0},
which is the set of positive real numbers.

Some examples of sets include:

e The empty set (.

e The set of integers Z = {...,—-2,-1,0,1,2,...}.

e The set of real numbers R.

e The set of natural numbers N = {1,2,3,...}.

e The set of rational numbers Q = {p/q:p € Z,q € Z\ {0}}.

e The set of all subsets of a finite set S, called the power set and denoted 2°.

Definition 1.1.1 (Inclusion and equality). For sets A and B, write A C B (A is a subset of B)
if every element of A belongs to B. The sets are equal if A C B and B C A. Write A C B (A
is a proper subset of B) if A C B and A # B.

For example, the statements
{1,2} c{1,2,3}, {1,2,3}={3,2,1}, ZCR, NcCZ

are all true. Furthermore, for any set S, we have ) C S and S C S.

Definition 1.1.2 (Set operations). For sets A and B, the union, intersection, and set difference

are
AUB={z:z € Aorx € B},
ANB={z:z € Aandx € B},
A\B={ze€ A:zx ¢ B}.
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The complement of a set A relative to a universal set U is A= {zx:x €U and z ¢ A} =U\ A.

These operations are called union, intersection, and set difference. They are typically illus-
trated by Venn diagrams:

U U U U

AUB ANB A\ B Ac=U\ A
Figure 1.1.1: Union, intersection, set difference, and complement.

Of course, we can also define the union and intersection of more than two sets. Given a
collection of sets {A;};c; indexed by a set I, we define

UAi:{x::ceAi for some i € I}, ﬂAi:{x:xeAi for every i € I}.
i€l iel

The following theorem summarizes some properties of aforementioned set operations. Its
proof is left as an exercise.

Theorem 1.1.3 (Set algebra). For sets A, B, and C,
1. AUB=BUA, AnB = BnNA (commutativity),
2. AUBUC)=(AUuB)UC, AN(BNC)=(ANB)NC (associativity),
3. AU(ANB)=A, AN (AUB) = A (absorption),
4. A\ B = AN B° (set difference),
5. (AUB) = A°N B¢ (AN B)¢ = A°U B¢ (De Morgan’s laws).

We say that sets are disjoint if their intersection is empty. For example, the sets of even and
odd integers are disjoint. A partition of a set S is a collection of nonempty, pairwise disjoint
subsets of S whose union is S. For example, the sets of even and odd integers form a partition
of Z.

1.1.2 Cartesian Product and R"
Definition 1.1.4. A Cartesian product of two sets A and B is the set
Ax B={(a,b):a€ Abe B}.
For example, if A = {1,2} and B = {z,y}, then

Ax B = {(1737)7 (Ly)a (27$)7 (2,9)}-
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The product A; x - -+ x A, consists of tuples (a1, ..., a,) satisfying a; € A; for every i. An n-fold
product of a set A with itself is denoted A™ = A x --- x A.

The most commonly used in economics example of an n-fold product is R™. In this course,
we treat elements of R™ as column vectors:

I
r=|: | €eR"

Ln

but that convention is not important until we discuss linear algebra.
Sometimes we need to compare vectors in R™. While not all vectors are comparable, we can
compare them coordinatewise.

Definition 1.1.5 (Coordinatewise comparisons). For z,y € R", write

x >y if x; > y; for every i,
x>yifx >y and x # y,
x>y if x; > y; for every 1.

The nonnegative and positive orthants are

R} ={z e R": 2 > 0}, RY, ={z € R": 2> 0}.

1.2 Functions

1.2.1 Vocabulary and properties

Definition 1.2.1 (Function). Let X and Y be two sets. A function f: X — Y is a rule that
assigns to each x € X exactly one element f(z) € Y. We also call f a map, or a mapping, from
XtoY.

For a function f: X — Y, we call X the domain and Y the codomain. For a subset A C X
of the domain, the image of A is the set

fLA) ={f(z):z€c A} CY

of values taken by f on A. In particular, we call f(X) the range of f. The preimage of a subset
B CY of the codomain is the set

[UB) = {re X f(x) e BYC X
of points in the domain that map into B. The graph of f is the set of pairs
{(z, f(x)):ze X} C X xY.
Definition 1.2.2 (Injective, surjective, bijective). A function f: X — Y is
1. injective, or one-to-one, if f(x) = f(z') implies z = 2/ for all z, 2’ € X;

2. surjective, or onto, if its range is all of Y, that is, f(X) =Y
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3. bijective if it is both injective and surjective.

Injectivity says that distinct points of the domain have distinct values, and surjectivity says
that every y € Y equals f(z) for at least one 2z € X. The two conditions are checked in opposite
directions: injectivity starts from two points of X and compares their values, while surjectivity
starts from a point of Y and asks for a point of X that reaches it.

Note that whether a function is surjective depends on the declared domain and codomain.
For example, the function f(x) = z? is not surjective if f : R — R but surjective if f : R — R,.
On the other hand, the function g(z) = 22 is surjective if g: R - Ror g : R, — R,

Definition 1.2.3 (Composition). Let f: X - Y and g: Y — Z, so that the codomain of f is
the domain of g. The composition of f and g is the function go f : X — Z defined by

(g0 f)(@) = g(f(a)) for cvery = € X

1.2.2 Inverse Function

Let f : X — Y be a function and let y € Y. Recalling the definition of a preimage, let us
consider the set f~!({y}), which contains all elements of X that map to the point y. In general,
this set may be empty, contain one point, or contain multiple points. By Definition 1.2.2, if f is
surjective, then f~!({y}) contains at least one point for every y € Y, and if f is injective, then
it contains at most one point. Consequently, if f is bijective, then it contains exactly one point.
This allows us to slightly abuse notation and define f~!(y) to be the unique point of X that

maps to y, so that /= ({y}) = {/ ()}

Definition 1.2.4 (Inverse). Let f : X — Y be a bijective function. The inverse of f is the
function f~!:Y — X that assigns to each y € Y the unique x € X with f(z) = y.

The function f and its inverse f~! undo each other, in the sense that

f_l(f(x)) =z for every z € X, f(f_l(y)) =y for every y €Y.

X Y X

Y X Y
— — — —
fhof fof™t

Figure 1.2.1: Applying f and then f~! returns every point of X to itself; applying f~! and then
f returns every point of Y to itself.

The theorem below shows that if we tried to define an “inverse” for a function that is not
bijective, we would fail.

Theorem 1.2.5 (Existence of an inverse). For a function f : X — Y, the following are equiv-
alent.

1. f is bijective.
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2. There is a function g : Y — X with (go f)(x) = x for every x € X and (f o g)(y) =y for
everyy €Y.

Moreover, the function g in (2) is unique and equals f~1.

Proof (optional). An equivalence asserts two implications, so we prove that (1) implies (2) and
that (2) implies (1). The uniqueness claim is proved last.

(1) implies (2). Assume f is bijective. Then f~!:Y — X is defined by Definition 1.2.4,
and we take g = f~!. Let z € X and put y = f(x). By Definition 1.2.4, f~!(y) is the unique
point of X that f maps to y; since f(z) =y, that point is z. Using Definition 1.2.3 to expand
the composition,

(fTro @) =1 (f(@) = [Hy) ==
Now let y € Y and put z = f~'(y), so that f(x) = y by Definition 1.2.4. Then

(fof N =r"1y) = flx)=y.

Both equations hold for arbitrary z € X and y € Y, so g = f~! is a function of the kind required
in (2).

(2) implies (1). Assume such a g exists. To show that f is injective, let x,2’ € X satisfy
f(z) = f(«'). Applying g to both sides and using Definition 1.2.3,

z=(go f)(z) = g(f(2)) = g(f(z') = (g f)a') =/,

where the first and last equalities are the hypothesis on g. So f is injective in the sense of
Definition 1.2.2. To show that f is surjective, let y € Y and put = ¢(y), which lies in X
because g : Y — X. Then

f(x) = flg(y)) = (fog)ly) =,
soy € f(X). Since y was an arbitrary point of Y, this gives Y C f(X), and the reverse inclusion
f(X) C Y holds because f takes its values in Y. Hence f(X) = Y, which is surjectivity in
Definition 1.2.2. Being both injective and surjective, f is bijective.

Uniqueness. Let g be any function satisfying (2). By the previous paragraph f is bijective,
so f~!is defined. Let y € Y and put x = f~1(y), so that f(z) = y by Definition 1.2.4. Then

9(y) =g(f(@) = (go f)(z) =z = f(y).

The functions g and f~! have the same domain Y and the same codomain X, and we have just
shown that they agree at every y € Y. Hence g = f~1. O

1.3 Logic

1.3.1 Logical Statements and Operations

A statement (also referred to as a proposition or an assertion) is a sentence that is either true
or false. For example, “2 4+ 2 = 4” is a true statement and “2+4 2 = 5” is a false one.

Given a statement P, its negation —P is true if and only if P is false. Given two statements
P and @, their conjunction P A @Q is true if and only if both P and @ are true, while their
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disjunction PV @ is true if and only if at least one of P or @ is true. We typically illustrate
these logical operations with truth tables:

PG

N

-P
F
T

ESTes T s | e
NN N0
MmN >
ESTe ST s | e
S R
NN

1.3.2 Implication and equivalence

Perhaps the most important logical operation is implication. We define it via a truth table as
follows:

P Q|P=Q
T T T
T F F
F T T
F F T

The implication P = @ is read “P implies @,” or “if P, then @Q,” or “P is sufficient for Q,”
or “Q is necessary for P.” Its converseis Q = P, and its contrapositive is -Q) = —~P. If P = Q
and () = P both hold, we write P < () and say that P and @ are equivalent, or P if and only
if (IFF) Q.

Our first proof involves showing that an implication and its contrapositive are equivalent.

Theorem 1.3.1 (Contrapositive law).
(P=Q) < (-Q=—P).

Proof. The truth tables for P = ) and —-(Q) = —P are

P Q|P=Q P Q|-Q -P|-Q=-P
T T T T T| F F T
T F F T F| T F F
F T T F T| F T T
F F T F F|\T T T
Since the truth tables are the same, the statements are equivalent. O

Note that an implication P = @) and its converse () = P are not equivalent. Showing that
is left as an exercise, along with proving the following negation rules for statements.

Theorem 1.3.2 (Negation rules for statements). For statements P and Q,

-(PANQ) < —PV-Q,
-(PVQ) < —-PA-Q,
-(P=Q) < PA-Q.



LECTURE 1: SETS, FUNCTIONS, LOGIC, AND PROOFS 7

1.3.3 Properties and quantifiers

Given a set X, a property on X is a sentence P(z) that becomes either true or false (hence a
statement) once a particular x € X is specified. For instance, if X = Z and P(z) is “z is even,”
then P(2) is true and P(3) is false.

To turn a property into a statement, we use quantifiers. The universal quantifier ¥V means
“for every” and the existential quantifier 3 means “there exists.” Continuing the example above,

the statement
Vo € Z, P(x)

is false, since 3 is not even, while the statement
dr € Z, P(x)
is true, since 2 is even.

Theorem 1.3.3 (Negation rules for quantifiers). For a property P(x) on a set X,

-(Vx € X, P(x)) < Jr € X, -P(x),
-(Jx € X, P(z)) <= Vz e X, -P(x).

For example, A C B means Vz (x € A = z € B). Its negation is

Jz(z € Aand = ¢ B).

1.4 Proofs

1.4.1 What a proof is

A theorem is a statement that has been shown to be true, and a proof is the argument that
shows it. Hammack’s Book of Proof describes a proof as follows:

“A proof of a theorem is a written verification that shows that the theorem is defi-
nitely and unequivocally true. A proof should be understandable and convincing to
anyone who has the requisite background and knowledge.”

A proof is typically written in ordinary prose plus mathematical notation. However, every
step in a proof must be justified by something already accepted: a hypothesis of the theorem,
a definition, a result established earlier, or a rule of logic. Proofs are often accompanied by
pictures, but a picture usually does not replace a formal argument.

1.4.2 Direct proof

In a direct proof of an implication P = @, we assume P and derive (). In a direct proof of a
universal statement Vz € X, P(x), we let z € X be arbitrary, meaning that nothing is assumed
about = beyond z € X, and derive P(x); since the argument used no property of z, it applies
to every element of X.

Below is one example of a direct proof. It uses the following vocabulary: an integer n is even
if n = 2a for some a € Z, and odd if n = 2a 4+ 1 for some a € Z. Every integer is even or odd,
and no integer is both; we take that as given.
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Lemma 1.4.1. If n is an even integer, then —5n — 3 is an odd integer.

Proof. Let n be an arbitrary even integer. Then n = 2a for some a € Z, so
—5n —3 = —5(2a) —3 = —10a — 3 = 2(—ba — 2) + 1.

Now set b = —ba — 2. Since a is an integer, so is b, and we obtain —5n — 3 = 2b 4+ 1. Hence
—5n — 3 is odd. O

A proof by contrapositive of P = () is a direct proof of =() = —P: we assume —() and derive
= P. By Theorem 1.3.1 the two implications are equivalent, so proving either one proves the
other. It is worth switching when the negations are the easier statements to work with.

Here is a second proof of Lemma 1.4.1, this time by contrapositive. Its hypothesis is that
—5n — 3 is not odd, hence even, and its conclusion is that n is not even, hence odd.

Second proof of Lemma 1.4.1. We prove the contrapositive: if —5n — 3 is an even integer, then
n is an odd integer. Let n be an integer for which —5n — 3 is even, so that —5n — 3 = 2b for
some b € Z. Adding 6n + 3 to both sides gives

n=(=5n—-3)+6n+3=2b+6n+3=2(0b+3n+1)+1.

Now set ¢ = b+ 3n+ 1. Since b and n are integers, so is ¢, and the display reads n = 2¢+ 1. So
n is odd, and therefore not even. By Theorem 1.3.1, this proves Lemma 1.4.1. O

1.4.3 Proof by contradiction

A proof by contrapositive requires the statement to be an implication. A proof by contradiction
applies to a statement of any shape. To prove a statement S, we assume that S is false, and
from that assumption we derive some statement C' together with its negation -C. Whatever
C may be, the statement C' A =C' is false, so the assumption cannot hold and S is true. The
method is also called reductio ad absurdum: supposing the opposite of what we want reduces us
to an absurdity.

The proof by contradiction is justified by the equivalence

S = (=S=(CA-C)),

which holds for every statement C: showing that -5 leads to a contradiction is the same
as showing that S is true. Verifying the equivalence with a truth table, as in the proof of
Theorem 1.3.1, is left as an exercise.

When the statement to be proved is an implication P = (), its negation is P A =@ by
Theorem 1.3.2, so the proof begins by assuming both P and —@). Which statement C' will do the
job is usually not known at the outset: we assume the negation, derive consequences, and stop
once some statement and its negation are both on the page. Often the statement contradicted
is one assumed at the start, a hypothesis or the negated conclusion, and sometimes it is a fact
known independently.

Lemma 1.4.2. Let x € R. If x < ¢ for every real number € > 0, then x < 0.
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Proof. The hypothesis P is that ¢ < € for every € > 0, and the conclusion @ is that z < 0. By
Theorem 1.3.2, to assume the implication false is to assume P and —(). Therefore, we start by
assuming that

x < e for every € > 0, and x> 0.

By the assumption on the right, z/2 > 0. The assumption on the left holds for every ¢ > 0, so
it holds for ¢ = /2, giving

r < f
-2
Subtracting /2 from both sides gives /2 < 0, and multiplying by 2 gives < 0. The statement
C'is x < 0: we have just derived it, and its negation = > 0 is one of our assumptions. So C is
both true and false, a contradiction. ]

1.4.4 Proof by induction

Some statements come indexed by the natural numbers: for each n € N there is a statement
P(n), and the claim is that P(n) holds for every n. The following theorem reduces that claim,
which involves infinitely many statements, to two checks.

Theorem 1.4.3 (Principle of mathematical induction). For eachn € N, let P(n) be a statement.
Suppose that

1. P(1) is true, and
2. for everyn € N, P(n) = P(n+1).
Then P(n) is true for every n € N.

Condition (1) is the base step and condition (2) is the induction step; the assumption P(n)
made while proving the induction step is the induction hypothesis. The two conditions act like
a line of dominoes: the first one falls by (1), and each one that falls knocks over the next by (2),
so all of them fall.

The induction step is itself a universal implication, so it is proved directly: let n € N be
arbitrary, assume P(n), and derive P(n + 1).

Lemma 1.4.4 (Bernoulli’s inequality). Let © € R with x > —1. Then for every n € N,
(14+2)" > 1+ nz.

Proof. Fix x > —1 and let P(n) be the displayed inequality.

Base step. For n =1 both sides equal 1 + x, so P(1) holds.

Induction step. Let n € N be arbitrary and assume P(n), that is, (1+z)™ > 14+nx (induction
hypothesis). Multiply the induction hypothesis by 1 + x, which is positive because > —1, to
obtain

(I+z)" ' =0+2)"A+2)> A +nx)(1+2) =1+ (n+ 1)z +nz’

Since na? > 0, we have (1 + z)"t! > 1 + (n + 1)z, which is P(n + 1). Thus P(n) = P(n + 1)
for every n € N.
By Theorem 1.4.3, P(n) holds for every n € N. O



Lecture 2

Real Analysis in R"

In economics, we often want to maximize a function subject to constraints:

max f(z).

zeD

Here f is the objective function and D is the feasible set: the set of choices satisfying the
constraints. There is little point in trying to solve this problem if no solution exists. This
lecture develops the machinery to guarantee that a solution exists, in R™.

2.1 Distance and sequences

We begin by defining Euclidean distance in R™. Note that there are other ways to measure and
define distance, even in R™. We opt to only use Euclidean distance for most of this class.

Definition 2.1.1 (Inner product, norm, and distance). For z,y € R",

e the inner product (also known as the dot product) of z and y is
n
i=1

e the (Euclidean) norm (or length) of x is

e the distance between x and y is

d(z,y) = ||z —yll =

For example, = (3,4) € R? has 2 -« = 25 and ||z|| = 5, and the distance between (1,2)
and (4,6) is 5 as well. In R! the norm is the absolute value, so d(z,y) = |x — y|.
The inner product and the norm are related by the Cauchy—Schwarz inequality:

10
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Theorem 2.1.2 (Cauchy—Schwarz). For every z,y € R,

(z-y)? < (z-2)(y-y),
and hence |z - y| < ||z||||ly]|-

Proof (optional). If y = 0, both sides of the first inequality vanish.
Next suppose y # 0, so that y -y = >, yf > 0. For every A € R, consider a vector
z =z — A\y. By Definition 2.1.1, z -z =" | 2?2 > 0. Hence, we have

0<z-z=(@—-Xy) - (= y)=x-2—2X(z-3)+ )\ (y-y).

Next, choose A = (z-y)/(y - y) so that
ey 2N N C 2 )
0= Z(y-y)(x y)+<(y-y)> v-v) = y-y

Multiplying it by y -y > 0 gives the first inequality in Theorem 2.1.2. Taking square roots gives
the second inequality in Theorem 2.1.2, since (- z)'/2 = ||z|| by Definition 2.1.1. O

Here are some useful properties of the norm.
Theorem 2.1.3 (Norm properties). For z,y € R" and a € R,
1. ||z|]| >0, and |z|| = 0 if and only if x =0 (positivity),
2. Jlazll = lalllal| (homogeneity),
3.z +yll < |zl + |yl (triangle inequality).

Proof. Parts (1) and (2) follow from Definition 2.1.1. The triangle inequality is shown as follows:
lz +yl* = el + 22 -y + yl* < llzl* + 2llllly] + Iyl* = (el +ly])?,

where the first inequality uses the Cauchy—Schwarz inequality. Taking square roots gives the
triangle inequality. O

Read in terms of the distance function d, the three norm properties say that the distance
behaves as a distance should: for all z,y, z € R",

d(z,y) >0, with equality exactly when xz =y,
d(z,y) =d(y,z),  d(z,z) <d(z,y)+d(y,=).

Here, nonnegativity is part (1) applied to x — y; symmetry is part (2) with @ = —1; and the
triangle inequality is part (3) applied to x — 2z = (z —y) + (v — 2). A function satisfying these
three conditions is called a metric.

Equipped with a concept of distance, we can name the set of points lying within a given
distance of a point.

Definition 2.1.4 (Open ball). For z € R"™ and r > 0, the open ball with center x and radius r
is

B(z,r) ={y e R" : [ly — x| <r}.
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Definition 2.1.5 (Interior points, open sets, and limit points). Let D C R"™.

e A point z € D is an interior point of D if B(z,r) C D for some r > 0. The set of all
interior points of D is its interior, written int D.

e The set D is open if every point of D is an interior point.

e A point a € R" is a limit point of D if every ball B(a,r) contains a point of D different
from a; equivalently,

B(a,r)N (D\{a}) #0  for every r > 0.

For example, let a < b and take x € (a,b). The number r = min{z —a,b— z} is positive and
B(z,r) C (a,b), so (a,b) is open. The endpoints of [a, b] are not interior points, and therefore

int[a, b] = (a,b).

The limit-point condition says that points of D different from a can be found arbitrarily close
to a; the point a need not itself belong to D.

Geometrically, in R the ball B(x,r) is the interval (z — 7, o + ), and in R? it is the disk of
radius r around z without its bounding circle.

Definition 2.1.6 (Sequence and convergence). A sequence in R™ is a list (x)3, with z;, € R™.
It converges to x € R™, and x is its limit, written zp — x, if for every € > 0 there is K € N such
that

k>K = |or—2| <e.

A sequence that has no limit in R™ diverges.

In the notation of Definition 2.1.4, the condition says that every ball B(z,¢), however small
its radius, contains all terms of the sequence from some index on.
We check the definition on two sequences in R.

Example 2.1.7 (Convergence and divergence). 1. The sequence x; = 1/k converges to 0.
Let £ > 0 and take an integer K > 1/e. Then every k > K satisfies

o — 0 =~ <+
TR SRS
which is the implication Definition 2.1.6 requires of K. Since € > 0 was arbitrary, x; — 0.

2. The sequence z = (—1)* diverges. Let 2 € R be a candidate limit and take ¢ = 1. By
part (3) of Theorem 2.1.3,

-z +|-1-a| 2|1 -2)-(-1-2) =2,

so at least one of the two numbers is at least 1. The values 1 and —1 both occur at
arbitrarily large indices, so every K € N admits some k > K with |z — x| > 1, and the
implication in Definition 2.1.6 fails for ¢ = 1. Since = was arbitrary, no limit exists.

A subsequence is exactly what is sounds like: a sequence drawn from another sequence by
skipping some terms.
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Definition 2.1.8 (Subsequence). If k1 < kg < --- is a strictly increasing sequence of indices,
then (wx;)52, is a subsequence of (zy).

Here are some useful properties of sequences and their limits.
Theorem 2.1.9 (Basic limit facts). Let (x) be a sequence in R™.
1. If xp, —» = and zp, — y, then x = y.
2. If xp, — x, then (xy) is bounded: there is M > 0 with x| < M for every k.

3. The convergence x, — x holds if and only if x1; — x; in R for every coordinate i =
1,...,n.

4. If x); — x, then every subsequence of (xx) also converges to x.

Proof (optional). Uniqueness. Let ¢ > 0. By Definition 2.1.6 there is K; with |z, — z|| < €/2
for k > K, and Ky with ||z — y|| < /2 for k¥ > K5. Fix one k > max{K;, K2} and write
x—y=(r—xk)+ (xx —y); parts (2) and (3) of Theorem 2.1.3 give

[ =yl < llex — 2 + llzr =yl <e.

So the nonnegative number ||z — y|| lies below every positive ¢, hence equals 0, and part (1) of
Theorem 2.1.3 gives x = y.

Boundedness. Left as an exercise: Definition 2.1.6 with ¢ = 1 leaves all but finitely many
terms in B(z,1), and a bound is the largest of ||z|| + 1 and the norms of those remaining terms.
Coordinates. Write a; = zy, j — x;. Since a? is one of the squares summed in Definition 2.1.1,

and since that sum is at most (Z?zllaj\)Q, taking square roots gives

n
ok — @il < Jlax — 2|l < _lwky — 2.
i=1

Let € > 0. If 3 — z, the left inequality lets any K that Definition 2.1.6 supplies for ¢ serve the
coordinate sequence (xy;) as well. Conversely, if every coordinate converges, choose for each j
an index K; beyond which |z} ; — x| < ¢/n; then k > max{K\,..., K,} makes the right-hand
sum, and hence ||z — ||, smaller than .

Subsequences. The indices of a subsequence satisfy k; > j: this holds at j = 1 because
indices are natural numbers, and kj11 > k; > j forces kj11 > j + 1. Now let ¢ > 0 and take
the K that Definition 2.1.6 supplies for (z1). Every j > K has k; > j > K, and therefore
|2k, — 2| <e. O

Limits also respect the arithmetic of R"™, one operation at a time.

Theorem 2.1.10 (Algebra of limits). Suppose xy, — x and yr — y in R™, and ap — a and
b, — b inR. Then

1. zp+yr > +y,
2. aprr — ax,

3. akbk — ab,



LECTURE 2: REAL ANALYSIS IN R" 14

4o Tk Yk =T Y,

O Nkl = [lll,

6. ap/br — a/b, provided b # 0 and by, # 0 for every k,
7. x >y, provided x > yi coordinatewise for every k.

Its proof is left as an exercise; the claims follow from part (3) of Theorem 2.1.3, which gives
xkll — |z||| < ||zx — ||, from Theorem 2.1.2, and from the coordinatewise criterion in part (3)
of Theorem 2.1.9, together with the boundedness supplied by part (2).

2.2 Suprema and compactness

We first develop two ingredients for existence arguments: a way to describe the limiting upper
value of a set, and a condition that makes sequences behave well inside a feasible set.

2.2.1 Suprema and maximizing sequences
Definition 2.2.1 (Bounds and extrema). Let A C R be nonempty.
e A number u is an upper bound of A if
a<u for every a € A,
and A is bounded above if it has an upper bound.
e The supremum, or least upper bound, of A, written sup A, is an upper bound s of A

satisfying
s<u for every upper bound u of A.

e A number z is the mazimum of A, written max A, if

ze A and a < z for every a € A.

Lower bounds, bounded below, the infimum, or greatest lower bound, inf A, and the minimum
min A are defined by reversing every inequality above.

If a maximum exists, it is automatically the supremum. Conversely, if the supremum exists
and belongs to A, it is the maximum. Thus

max A exists <= sup A exists and sup A € A,

and then the two numbers are equal.
For example, the upper bounds of (0,1) are precisely the numbers at least 1, so

sup(0,1) =1, inf(0,1) = 0.

Neither bound belongs to the interval, so it has neither a maximum nor a minimum. The
interval [0, 1] has the same supremum and infimum, but it contains both; hence max[0,1] = 1
and min|0, 1] = 0.
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Definition 2.2.1 does not guarantee that a supremum exists; it is possible for a set to have
upper bounds but no least one. For instance, the set of rational numbers ¢ with ¢> < 2 is
bounded above by 2, but it has no least upper bound in Q. When dealing with R, we make a
fundamental assumption that every nonempty set that is bounded above has a supremum. This
is known as the completeness property of the real numbers.

Axiom 2.2.2 (Completeness of R). Every nonempty subset of R that is bounded above has a
supremum in R.

Note the role of both hypotheses of the axiom. First, the set R is nonempty but not bounded
above, so it has no supremum. Second, the empty set () is bounded above by every real number,
but it has no least upper bound.

2.2.2 Closed, bounded, and compact sets

Our existence argument will turn a sequence of feasible points into a candidate solution. For
this to work, some subsequence must converge and its limit must remain in the feasible set.
Compactness guarantees both.

Definition 2.2.3 (Closed, bounded, and compact sets). A set D C R" is
e closed if x; € D and x; — x imply x € D;
e bounded if there is M > 0 such that ||z|| < M for every = € D;
e compact if every sequence (zy) in D has a subsequence converging to some point of D.

There are two failures to remember: x; = k runs off to infinity in R, while 2, = 1/k converges
to a point missing from (0,1). Compactness rules out both.

In Euclidean space these conditions are related by a fundamental result that we use without
proof.

Theorem 2.2.4 (Heine—Borel). A set D C R" is compact if and only if it is closed and bounded.

Thus every closed interval [a, b] is compact, whereas (0,1) and R are not. The empty set is
compact, so compactness alone does not supply a feasible point.

2.3 Continuity and existence

2.3.1 Continuity

So far, a limit has described the behavior of a sequence. We will also need to describe the
behavior of a function as its input approaches a point.

Definition 2.3.1 (Limit of a function). Let D C R", let f: D — R™, let a be a limit point of
D, and let L € R™. We write
lim f(z) =L

r—a

if, for every sequence (zy) in D \ {a} such that x; — a, we have f(zy) — L.
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In Euclidean space this sequential definition is equivalent to the familiar e—0 condition: for
every € > 0 there is § > 0 such that

reD, 0<lle—a|<s — |f(e)-L|<e.

The restriction x # a is deliberate: a function limit depends on values near a, not on the
value at a. The point a need not be in the domain. For example, if q(h) = h?/|h| = |h| for
h # 0, then Theorem 2.1.10 gives lim,_,o g(h) = 0, even though ¢(0) is not defined.

For functions of one real variable, suppose a is approached by points of D from the indicated
side. The notation

lim f(z) =L and lim f(z) =L

zla zta
denotes the right-hand limit and left-hand limit, respectively. The first applies Definition 2.3.1
to D N (a,0); the second applies it to D N (—oo,a). If the two-sided limit exists, then every
one-sided limit that is defined exists and equals it.

Definition 2.3.2 (Continuity). Let D C R™, let f: D — R™, and let © € D. The function f
is continuous at x if, whenever x; € D and x; — x, we have

f(zg) = f(2).
The function is continuous on D, or simply continuous, if it is continuous at every point of D.

At a limit point x € D, Definition 2.3.2 is equivalent to

lim f(y) = f(x).

Yy—x

Equivalently, for every € > 0 there is § > 0 such that, for every y € D,

ly—zl<é = [fly) - fl@)] <e

We will continue to use the sequential formulation because it fits our existence argument. In Lec-
ture 4, the same function-limit notation will define derivatives: a difference quotient is evaluated
only for h # 0, while h approaches 0.

Here are the rules that let us build continuous functions out of simpler ones.

Theorem 2.3.3 (Operations preserving continuity). Let D C R™.

1. If f,g : D — R are continuous and a € R, then f+ g, af, and fg are continuous on D,
and the quotient f/g is continuous on the subset of D on which g # 0.

2. A composition of continuous functions is continuous.

Its proof is left as an exercise. Part (1) follows from Definition 2.3.2 applied to an arbitrary
sequence xp — x, together with Theorem 2.1.10; part (2) follows from Definition 2.3.2 applied
twice.

For example, constant functions and the identity function f(z) = z are continuous on R
by Definition 2.3.2. Part (1) then makes every polynomial continuous on R, and every rational
function continuous off the zeros of its denominator, such as (2% +1)/(x —2) on R\ {2}. Taking
as known that exp is continuous on R and log on (0, 00), part (2) gives combinations: e~ is
continuous on R, and so is log(1 + ZL'Q), since 1 + 2 stays positive.
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2.3.2 The Weierstrass theorem

We are now ready to show existence. First, let us formalize what a solution to an optimization
problem is.

Definition 2.3.4 (Maximizers and minimizers). Let D C R™ be nonempty and let f: D — R.
The set of maximizers of f on D is

argmax f(z) = {a* € D: f(2*) > f(z) for every x € D}.
zeD

The set arg min, ¢ f(z) of minimizers is defined by reversing the inequality.
The main existence result is the Weierstrass theorem, which we can now state and prove.

Theorem 2.3.5 (Weierstrass). Let D C R™ be nonempty and compact, and let f : D — R be
continuous. Then f attains a mazrimum and a minimum on D; equivalently,

arg max f(z) # 0, arg min f(z) # 0.
z€D xeD
Proof (optional). We first prove that f has a maximizer; the minimizer will follow at the end.

Step 1: show that the attainable values f(D) are bounded above. Suppose they were not.
Then for each k there would be yi € D with f(yx) > k. By Definition 2.2.3, some subsequence
satisfies yx;, — y € D, and Definition 2.3.2 gives f(yx;) — f(y). Thus (f(yk;)) is bounded by
part (2) of Theorem 2.1.9. But k; > j, so f(yx,) > k; > j for every j, making the same sequence
unbounded. This contradiction proves that f(D) is bounded above.

Step 2: construct feasible points whose values approach the best possible value. The set f(D)
is nonempty because D is nonempty. By Step 1 it is also bounded above, so completeness gives
the real number S = sup f(D). For each k, the smaller number S — 1/k cannot be an upper
bound of f(D). Hence there is x € D with

S—%<f(wk)§5, that is, \f(xk)—S|<%

Since 1/k — 0 by part (1) of Example 2.1.7, this proves f(zy) — S. The sequence (xy) is called
a marimizing sequence.

Step 3: obtain a feasible candidate for the maximizer. Compactness of D gives a subsequence
zy; and a point z* € D such that z; — x*. The membership z* € D is important: the candidate
remains feasible.

Step 4: prove that the candidate is a mazimizer. Continuity gives f(xx;) — f(z*). On
the other hand, because f(ry) — S, its subsequence also satisfies f(xy;) — S by part (4) of
Theorem 2.1.9. Limits are unique, so f(z*) = S. Since S is an upper bound of f(D), we have
f(x) <S8 = f(z*) for every x € D. Therefore x* is a maximizer in the sense of Definition 2.3.4.

Step 5: obtain a minimizer. The function —f is continuous by part (1) of Theorem 2.3.3.
Applying Steps 14 to —f gives a point that maximizes —f, which is exactly a point that
minimizes f. O

Note that failure of any one of the three hypotheses — nonemptiness, compactness, or
continuity — can lead to a function that does not attain its maximum or minimum.

Example 2.3.6 (One failed hypothesis at a time). None of the following problems has a maxi-
mizer, and in each one exactly one hypothesis of Theorem 2.3.5 fails.
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1. In R? let f(z) = 21 + 22 on
D={zcR?:2,>0, 20>0, 1+ 22 <1, zy29 > 1}.

The feasible set D is empty, so f has no maximizer.

2. D =(0,1) and f(x) = x. The domain is bounded but not closed, since z; = 1/(k + 1)
lies in D and converges to 0 ¢ D, so again it is not compact. Here sup f(D) = 1, while
f(z) <1 for every z € D.

3. D =0,1], which is compact, and

fz) =

z, 0<x<l,
0, =z=1.

What fails is continuity, and only at 1: the sequence x = 1 — 1/k lies in D and converges
to 1, while f(x) = 1—-1/k — 1 # 0 = f(1), which Definition 2.3.2 forbids. Again
sup f(D) =1 is not attained.

That said, a maximum might exist even if one of the hypotheses of Theorem 2.3.5 fails. In
that case, one must prove existence by other means, such as by finding a candidate and verifying
that it is indeed a maximizer.

2.3.3 Intermediate values and fixed points

While we need linear algebra to meaningfully study functions in R", we can already prove some
useful results about continuous functions in R. The intermediate value theorem says that a
continuous function on an interval takes on every value between its values at the endpoints.

Theorem 2.3.7 (Intermediate value theorem). Let f : [a,b] — R be continuous. If

min{f(a), f(b)} < ¢ < max{f(a), f(b)},
then there is x € [a,b] such that f(x) = c.

Proof (optional). Assume first that f(a) < ¢ < f(b), and let
A={x€a,b]: f(x) <c}.

Then A contains a and is bounded above by b, so s = sup A exists by Axiom 2.2.2 and satisfies
a < s <b. We show that f(s) = c.

f(s) < c. For each k, the number s —1/k is smaller than s and therefore not an upper bound
of A, so we may pick ar € A with

1
s — — < ap < s.
2 IS

Then a; — s, since 1/k — 0 by part (1) of Example 2.1.7, and Definition 2.3.2 gives f(ax) —
f(s). Each ay lies in A, so f(ax) < c for every k, and part (7) of Theorem 2.1.10 carries the
inequality to the limit: f(s) <ec.

f(s) > c. If s = b, this is the hypothesis f(b) > c. If s < b, no point of (s,b] lies in A, so
f(z) > con (s,b]. The points z, = s+ 1/k lie in (s,b] as soon as 1/k < b— s, and z; — s, so
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Definition 2.3.2 gives f(xr) — f(s). Part (7) of Theorem 2.1.10 again carries f(zx) > ¢ to the
limit, giving f(s) > c.

This proves f(s) = c. In the remaining case f(b) < ¢ < f(a), apply what we have just proved
to —f, continuous by part (1) of Theorem 2.3.3, and to the value —¢: this produces a point x
with — f(z) = —¢, that is, f(z) =c. O

From that, we obtain our first fized point theorem in R for free.

Theorem 2.3.8 (Brouwer in R). Let a < b. Every continuous function f : [a,b] — [a,b] has a
fixed point: there is * € [a,b] such that f(z*) = z*.

Proof. Let g(x) = f(x) — x, continuous on [a, b] by part (1) of Theorem 2.3.3. Since f takes its
values in [a, b], we have f(a) > a and f(b) < b, so

gla)=fla)—a>0,  g(b)=f(b)~b<0.

Hence g(b) < 0 < g(a), and Theorem 2.3.7 applied to g with ¢ = 0 gives z* € [a,b] with
g(xz*) = 0, which means f(z*) = z*. O



Lecture 3

Linear Algebra

Linear algebra studies linear systems: systems of equations in which every equation is linear. It
is the foundation of optimization and also a powerful tool for analyzing nonlinear systems. In
this lecture we introduce the basic vocabulary and operations of linear algebra, and we study
the solution sets of linear systems. Throughout this lecture, vectors are columns.

3.1 Matrix algebra

3.1.1 Matrix vocabulary and basic arithmetic

Definition 3.1.1 (Matrices and transpose). An m x n matriz A = (a;;) is a rectangular array
with m rows and n columns, with a;; in row ¢ and column j. Two matrices are equal when they
have the same dimensions and all corresponding entries are equal. The transpose of A is the

n x m matrix AT defined by
(A1) = aji.

A matrix is square if it has the same number of rows and columns, diagonal if every off-diagonal
entry is zero, and symmetric if A= AT,

Matrices of the same dimensions are added entrywise, and scalar multiplication is entrywise:
(A + B)” = a;; + bi]’, (OéA)ij = aa;;.

The m X n zero matriz has every entry zero. The n X n identity matriz I, has ones on the
diagonal and zeros elsewhere. The diagonal matrix with diagonal entries dy,...,d, is written
diag(dy, ..., dy).

Example 3.1.2 (Matrix arithmetic). Let
1 20 0 1 1
A‘<—103)’ B_(2 -1 o)'

A+B:<1 3 1>’ 2A:<2 4 0>’ AT— 12 o

Then
1 -1 3 -2 0 6
Addition requires matching dimensions. Multiplication uses a different compatibility rule.

20
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3.1.2 Matrix multiplication

Definition 3.1.3 (Matrix multiplication). If A is m X n and B is n X p, then their product AB
is the m x p matrix with

(AB)” = Zaikbk]‘.
k=1

The product is defined only when the inner dimensions agree. In that case the matrices are
conformable:

(m xn)(n x p) = (m x p).
Each entry of AB is a row of A multiplied against a column of B.
Example 3.1.4 (Matrix multiplication). Let

10
e~ (120, p-[o
11

1 2
CD:<1 2>

is 2 x 2. The reverse product is also defined in this example, but it is different in both size and
entries:

Then C'is 2 x 3 and D is 3 x 2, so

1 20
DC={(0 1 1
1 31
Since C'D # DC, this example also shows that matrix multiplication is not generally commuta-
tive.

Whenever the products are conformable,
(AB)C = A(BC), AB+C)=AB+AC, (AB)"=BTAT,

and the identity matrices satisfy Al,, = A and I,,A = A for an m x n matrix A.
Vectors can be treated as matrices with one column. For z,y € R?, 2"y is a 1 x 1 matrix
whose entry is the inner product z - y, whereas zy' is an n x n matrix.

3.1.3 Linear combinations, span, and independence

Definition 3.1.5 (Linear combination). Let v1,...,v; € R™ be a collection of vectors. A linear
combination of vq,...,v; is a vector Zle a;v; with a; € R.

Below is a collection of vectors we will use to illustrate concepts in this lecture.

2 2
v3 = v1 + V9, SO v3 is a linear combination of v; and vo, with a3 = ap = 1.

Example 3.1.6 (A linear combination). Let v; = <1>, vy = <2>, and vy = <Z> Here

Definition 3.1.7 (Subspace and span). Let V' C R™ and let vy,...,v; € R™.
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e The set V is a subspace of R™ if it is nonempty and

z,2yeV, a,feR = ax+pPycV.

e Their span is the set of all such combinations:

k
span{vy,...,vp} = {Z%‘Uz‘ S, ..., 0 € R}.
i=1

Every span is a subspace. Indeed, adding two linear combinations of vy, . . ., vg, or multiplying
one by a scalar, produces another linear combination of the same vectors.

The span of one nonzero vector v is the line {av : @ € R} through the origin. A line that
does not go through the origin cannot be a subspace, because every subspace contains the zero
vector.

Definition 3.1.8 (Independence, basis, and dimension). Let V' C R" be a subspace.

e The collection vy, ..., v of vectors is linearly independent if
a1+ opu =0 = aj=---=a,p=0
for all aq,...,ar € R. Otherwise it is linearly dependent.

e A basis of V is a linearly independent collection of vectors that spans V.

e The dimension dimV of V is the number of vectors in a basis of V.

In R3 we can illustrate all four possible dimensions of subspaces — 0, 1, 2, and 3. That
is, every subspace of R? is one of the following: the origin; a line through the origin; a plane
through the origin; or all of R3. Figure 3.1.1 shows one subspace of each dimension. This is the
picture to keep in mind for any subspace of R™: a subspace is flat, passes through the origin,
and has dimension at most n. Unless it is {0}, it extends without bound in every direction that
it contains.

1 1 1 I3 ‘/ . RB
t
v |
V.={0}
_ 2 ) ro /% 2
K// Z
I 1 y’
I
(a) dimV = 0: (b) dimV = 1: (¢) dimV = 2: (d) dimV = 3:
the origin a line through 0 a plane through 0 all of R®

Figure 3.1.1: The four kinds of subspaces of R?, one for each dimension: the origin alone, a line
through the origin, a plane through the origin, and the whole space. Every subspace of R3 is
one of these. Each is flat and contains the origin. The line and plane panels show representative
viewing windows: those subspaces continue without bound. There is one dimension-0 subspace
and one dimension-3 subspace, but infinitely many dimension-1 and dimension-2 subspaces.

One could think of linear dependence as redundancy: if vectors are dependent, then at least
one of them can be expressed as a linear combination of the others.
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o). () o)

Because vg = v1 + ve, the three-vector collection is dependent and vz may be deleted without
changing its span. The remaining vectors v1 and vo are independent: if ajv1 + vy = 0, then

Example 3.1.9. Let

a1 + 2a9 =0, 201 4 2a9 = 0,

which forces &y = as = 0. Thus v, vy form a basis of R?, and the three vectors span R2.
Figure 3.1.2 illustrates these relationships.

X9

span{vy, vy} = R?

v = (1. 2)

X

Figure 3.1.2: The vectors v1,v2,v3 in R%. The solid arrows all begin at the origin. The dashed
translated copies complete the shaded parallelogram and show v3 = v; +v2. Thus v3 contributes
no new direction: vy, vy are independent and already span R?, while the three-vector collection
is dependent. The span is the entire plane, not only the shaded parallelogram.

We use the standard finite-dimensional facts that every subspace of R"™ has a basis, any two
bases of the same subspace have the same number of vectors, and every independent collection
in R™ has at most n vectors. The standard basis of R™ is the collection eq,...,e,, where ¢; is
the vector with 1 in coordinate ¢ and 0 in every other coordinate.

3.2 Linear maps and linear systems

So far we have treated matrices as arrays of numbers. We now show that matrices represent linear
functions from R™ to R™, and we use this perspective to study the solution sets of systems of
linear equations. The same product Az also has two useful interpretations. We begin by naming
the rows and columns of A, and then develop each interpretation.

3.2.1 Two readings of a matrix-vector product

Let
ail a2 - Glip

a1 a2 - G2p
A=

aGml Om2 " Gmn
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Write the rows of A as rq,79,...,7, and its columns as ¢y, ¢o, ..., c,. Thus
1
A= 7;2 = (01 c2 cn)
Tm

Suppose z € R™. We call z the input and Ax € R™ the output. The product can be
represented as

aiy ... Gin T ailxry + -+ a1pTn
Ar = : L= : = 2101+ + Tpcy. (3.2.1)

aml - --Amn Tn Am1T1 + -« + AmnTn

The product Az is thus a linear combination of the columns of A, with entries of & as weights.
For the row interpretation of matrix A, we need to consider an equation Ax = b.

Definition 3.2.1 (Linear system). For an m x n matrix A and b € R™, the equation
Ax =b, r e R,

is a linear system with coefficient matrix A and right-hand side b. It is consistent if it has a
solution and inconsistent otherwise.

The row interpretation writes the system as one scalar equation for each row of A:
Ar=b <= rix=apnx1+ -+ Qintn = b;, for each row 1. (3.2.2)

Each row is thus a restriction on what the input x could be to reach output b using matrix A.
At the same time, the column representation essentially asks which linear combination of the
columns of A produces the target b.

Make sure you understand the representations in (3.2.1) and (3.2.2), as they will be crucial
for understanding just about everything that comes next. Here is the running example.

Example 3.2.2. Let

The rows and columns of A are

rn=(1 2 3), rn=(2 2 4),

=) ) =)

The column interpretation gives

1 2 3
Az = x101 + 2202 + 2303 = 11 o) T2 (o) Taa(,)-

and
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For

the row interpretation writes Ax = b as
T + 229 + 323 = 3, 221 + 2x0 + 4x3 = 4.

The theorem below shows that a function from R™ to R™ is linear if and only if it can be
represented as an m X n matrix. We use the word map or transformation instead of the word
function to emphasize that the domain and codomain are vector spaces, and that the function
preserves the vector space structure.

Definition 3.2.3 (Linear map). A function 7" : R™ — R™ is a linear map, or a linear transfor-
mation, if
Tx+y) =T(x)+T(y), T(az) = oT ()

for all ,y € R™ and o € R.
Here z is the input and T'(z) is the output.

Theorem 3.2.4 (Matrices represent linear maps). A function T : R™ — R™ is linear if and only
if there is an m x n matriz A such that T'(x) = Az for every x € R"™. In that case A is unique,
and its jth column is T'(ej). If S : R™ — RP is linear with matriz B, then the composition SoT
is linear with matrix BA.

Proof (optional). Linear implies matriz. Let T be linear. Every x € R is the linear combination
r =x1€1 + - - + xpe, of the standard basis, so linearity applied to each term gives

T(x)=T ijej = ijT(ej).
j=1 7=1

Let A = [T(e1) --- T(en)], which is m x n because each T'(e;) lies in R™. Since Az is
the combination of the columns of A with weights z1,...,z,, the display says exactly that
T(z) = Ax.

Matrixz implies linear. If T(x) = Az for an m x n matrix A, then A(z + y) = Az + Ay and
A(azx) = a(Ax), so T is linear.

Uniqueness. Suppose Ax = Bz for every x € R". Taking v = e; makes Ae; and Be; the
jth columns of A and B, so the two matrices agree column by column and A = B. The same
substitution in T'(z) = Ax identifies the jth column of A as T'(e;).

Composition. Let S be linear with matrix B. For every x € R", associativity of the matrix
product gives

(SoT)(x) = S(T(x)) = B(Az) = (BA)z,

so S o T is represented by the p x n matrix BA, and it is linear by the second part. O
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3.2.2 Row space, column space, and rank

Definition 3.2.5 (Row and column spaces). Let A be an m x n matrix. Its row space and
column space are

Row(A) = span{ry,...,rm} C R, Col(A) = span{cy,...,c,} CR™.

By (3.2.1),
’ Col(A) = {Az : z € R"},

so the column space is the range of the linear map x — Ax.

The row and column spaces live in different ambient spaces, but they have the same dimen-
sion. We use this fundamental result without proof.

Theorem 3.2.6 (Equality of row and column rank). For every matriz A,
dim Row(A) = dim Col(A).
Definition 3.2.7 (Rank). The rank of A is their common dimension:
rank A = dim Row(A) = dim Col(A4).

The row reading interprets rank as the number of independent restrictions. The column
reading interprets it as the dimension of the set of outputs that A can produce.

Example 3.2.8 (Rank of a matrix). Let

a=(3 5 1)
The first two columns of A form a basis of R2. Thus
Col(A) = R?, rank A = 2.
The two rows are consequently independent: the system contains two independent restrictions
on three variables.
3.2.3 Null space and changes that preserve the restrictions

Suppose the input x produces the output b, so Ax = b. Let h € R™ be a proposed change to the
input. After the change, the new input is = + h. It produces the same output exactly when

A(x+h)=b <<= Ah=0.

Thus h leaves Az unchanged if and only if Ah = 0. The collection of all such changes is the null
space.

Definition 3.2.9 (Null space). For an m x n matrix A, its null space, or kernel, is
N(A)={h e R": Ah = 0}.

The dimension of N(A) is called the nullity of A.
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Every null space is a subspace. Indeed, if u,v € N(A) and «, § € R, then
A(au + fv) = aAu + SAv = 0.

We have now seen two ways to specify a subspace: a span specifies one using generating vectors,
whereas a null space specifies one using equations of the form Ax = 0.
Its elements have two interpretations. In the row interpretation,

Ah=0 <= ajh1+ -+ ainh, =0 for every row i,
so adding h to x changes the left-hand side of every constraint by zero. In the column reading,
Ah=0 <= hie1+---+hpc, =0.

Here h; is the change in the weight on column ¢;. Thus Ah = 0 means that these changes cancel,
leaving the output unchanged. A nonzero such h exists exactly when the columns are linearly
dependent.

Rank and nullity measure two different things. The rank is the dimension of the set of
outputs that A can produce. The nullity is the dimension of the set of changes that leave Ax
unchanged. The rank—nullity theorem relates these two counts. We use it without proof.

Theorem 3.2.10 (Rank—nullity theorem). If A is an m x n matriz, then
rank A + dim N(A) = n.
Example 3.2.11 (Null space of a matrix). Let
a=(35 1)
Here n = 3 and rank A = 2, so dim N(A) = 1. To identify the null space, solve Ah = 0:
hi1 4+ 2hy + 3hs =0, 2hy + 2hg + 4h3 = 0.
Subtracting twice the first equation from the second gives ho = —hjs. Substitution into the first
gives h1 = —hg. Letting t = —hs,

N(A) = t | :teR ) =span 1

This illustrates rank—nullity:
rank A +dimN(A) =2+ 1=3=n.

Here the nullity 1 means that one scalar, t, can be chosen freely when describing changes that
preserve all restrictions. More generally, if rank A = r, then n — r coefficients can be chosen
freely; these are the n — r degrees of freedom.
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3.2.4 The solution set

The column interpretation answers the existence question immediately:
Az = b is consistent <= b€ Col(A). (3.2.3)

The following theorem describes the solution set of a consistent linear system Ax = b in terms
of a particular solution and the null space (which is the solution set for Az = 0).

Theorem 3.2.12 (Solution set). If zg is one solution of Az = b, then the full solution set is
{z eR": Az =b} =z9+ N(A), where xg+ N(A) ={zo+h:h € N(A)}.
Consequently, a consistent system has a unique solution if and only if N(A) = {0}.

Proof. If Ax = b= Axg, then A(x — 29) =0, so x — z¢g € N(A). Conversely, if h € N(A), then
A(aﬁo—i—h):Axo—i-Ah:b. ]

Together with the column-space criterion, the theorem gives the complete description

2, b ¢ Col(A),

{xGR":Aw:b}:{
xo+ N(A), be Col(A).

Example 3.2.13 (Solution set of a linear system). Let

(1) -0

The null space is

1
N(A) = span 1 ,
-1
0
and one particular solution is g = [ 0 |. Therefore
1
0 1
{r:Az=0b}=|[0] +span 1
1 -1

Adding the displayed null vector gives another solution:

0 1 1
o+ 1)=1{1],
1 1 0

reflecting that the third column of A is the sum of its first two columns.
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3.2.5 Rank, existence, and uniqueness

The preceding results give the two full-rank criteria.

Theorem 3.2.14 (Full row and column rank). Let A be m X n.
1. rank A = m if and only if Ax = b has at least one solution for every b € R™.
2. rank A = n if and only if Ax = b has at most one solution for every b € R™,

The first clause follows because rank A = m exactly when Col(A) = R™, which means every
b € R™ belongs to the column space. For the second clause, rank—nullity gives

rank A=n <= N(A)={0}.

The solution-set theorem then says that a consistent system has exactly one solution.
Together, rank and the column-space criterion classify every system:

Rank condition Solutions
rankA=m=n every b has exactly one
rank A =m <n every b has infinitely many
rank A =n<m none or exactly one, depending on b

rank A < min{m,n} | none or infinitely many, depending on b

3.3 Square matrices and invertibility

Definition 3.3.1 (Inverse). An n x n matrix A is invertible, or nonsingular, if there is an n x n
matrix A~! satisfying
A'A=AA"1 =1,

If no inverse exists, A is singular.
An inverse is unique: if B and C are both inverses of A, then B = B(AC) = (BA)C = C.

Theorem 3.3.2 (Invertible-matrix equivalences). For an n x n matriz A, the following are
equivalent:

1. A is invertible;
rank A = n;
the columns of A are linearly independent;

N(A) = {0};

e e

5. for every b € R™, the system Ax = b has exactly one solution.
When these conditions hold, the solution is x = A~'b.

The equivalence of clauses (2)—(5) follows from full row and column rank and the affine
solution-set theorem. If A is invertible, multiplying Az = b by A~! gives the unique solution
x = A7, Conversely, if every Az = e; has a unique solution 27, put those solutions into the
columns of B = [2! - 2"]. Then AB = I,,, and the triviality of N(A) forces BA = I,,, so
B=A"1

The determinant is a function that turns a square matrix into a scalar.
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Definition 3.3.3 (Determinant). For a 1 x 1 matrix, det(a) = a. For n > 2, let A;; denote the
(n —1) x (n — 1) matrix obtained from A by deleting row 1 and column j. The determinant of
Alis
n
det A = Z(—I)HjaU det Alj.
j=1

This is called cofactor expansion along the first row: each entry of the first row is multiplied
by the determinant of the matrix left after deleting that entry’s row and column, and the signs
alternate. Expanding along any other row or column gives the same number.

Example 3.3.4 (2 x 2 determinant). Let A = (Z b). Here A1 = (d) and A2 = (¢), so

d

det A = ad — be.

b ¢
e f|. Each of the three terms now needs
h i

Example 3.3.5 (3 x 3 determinant). Let A =

Q Q. Q

a 2 X 2 determinant:
det A = a(ei — fh) — b(di — fg) + c(dh — eg).
The determinant supplies a scalar test for the equivalent conditions above.

Theorem 3.3.6 (Determinant criterion). A square matriz A is invertible if and only if det A #
0.

Example 3.3.7 (The inverse in the 2 x 2 case). Let

A= <a b), det A = ad — be.
c d

If det A # 0, multiplying in either order gives

(CCL 2) <—dc _ab) = (ad — be) .

As long as the determinant ad — be # 0, we can divide by it to get the inverse:
1 d —b
A7l = .
ad — bc (—c a >

3.4 Eigenvalues and eigenvectors

Definition 3.4.1 (Eigenvalues and eigenvectors). Let A be a real n x n matrix. A scalar A € R
is an eigenvalue of A if there is a nonzero vector v € R™ such that

Av = .

Such a vector v is an eigenvector associated with .
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The eigenvalue equation can be rewritten as
Av=X v <<= (A-X)v=0. (3.4.1)

As such, we immediately have the following equivalences, which are useful for computing
eigenvalues and eigenvectors.

Theorem 3.4.2 (Eigenvalue equivalences). For a real n x n matriz A and \ € R, the following
are equivalent:

1. X\ is an eigenvalue of A;
2. N(A—XI) # {0};

3. A — M is singular;

4. det(A—XI) =0.

Proof (optional). (1) < (2). By Definition 3.4.1, X is an eigenvalue exactly when Av = Av for
some v # 0. By (3.4.1) such a v satisfies (A — AI)v = 0, and conversely. So an eigenvalue exists
precisely when A — AI has a nonzero null vector, which is the statement N(A — A\I) # {0}.
(2) & (3). Apply Theorem 3.3.2 to the square matrix A — AI: it is invertible if and only if
its null space is trivial. Negating both sides, A — AI is singular if and only if N(A — AI) # {0}.
(3) < (4). Apply Theorem 3.3.6 to A — AI: it is invertible if and only if det(A — AI) # 0.
Negating both sides gives the claim. O

If one of the eigenvalues of a matrix is zero, then the matrix is singular; that can be seen by
taking A = 0 in Theorem 3.4.2.

Corollary 3.4.3 (Zero eigenvalue). A square matriz A is singular if and only if 0 is an eigen-
value of A. Equivalently, A is invertible if and only if all of its eigenvalues are nonzero.

The equation
det(A—AI)=0

is the characteristic equation. Its left-hand side is the characteristic polynomial. The roots of
the characteristic polynomial are the eigenvalues of A. For each eigenvalue A, the associated
eigenvectors are the nonzero elements of N(A — \I).

Example 3.4.4 (Eigenvalues and eigenvectors of a 2 X 2 matrix). Let

A:G §>

Subtracting A from each diagonal entry and taking the determinant gives the characteristic
polynomial

1-A 2

det(A—)J)zdet( 4 31

>:(1—)\)(3—>\)—8:)\2—4)\—5:()\—5)()\+1).

Its roots are the eigenvalues A\; =5 and Ay = —1.
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To find the eigenvectors belonging to A\; = 5, solve (A — 5I)v = 0:

—4 2
aos=(3)

so both equations reduce to va = 2v;, and N(A — 5I) = span{(1,2)"}. For Ay = —1, solve

(A+Iv=0:
2 2
A+I—(4 4>,

so both equations reduce to vo = —v;, and N(A + I) = span{(1,—1)"}.
Note that in each case the null space is a line rather than a single vector — any nonzero
multiple of an eigenvector is again an eigenvector for the same eigenvalue.

Remark 3.4.5 (How many eigenvalues). The characteristic polynomial of an n x n matrix has
degree n, so A has at most n distinct real eigenvalues. It can have fewer for two separate reasons:
a root may repeat, or a root may fail to be real.

Example 3.4.6 (A repeated eigenvalue). Let A = diag(2,2). Its characteristic polynomial is
(2 — \)2, which has the single root 2. Thus A has one distinct eigenvalue rather than two.

Example 3.4.7 (No real eigenvalues). Let

A:(? _01) det(A — \T) = A2 + 1.

Since Definition 3.4.1 requires A € R, this matrix has no eigenvalues and no nonzero eigenvectors
in R?. It does have complex eigenvalues and eigenvectors, but we do not consider those here.
Below we list some useful results featuring eigenvalues without proving them.

Definition 3.4.8 (Trace). The trace of an n x n matrix A is the sum of its diagonal entries,

n
trA = Z Qg .
=1

Theorem 3.4.9 (Trace and determinant). Let A be an n X n matriz whose characteristic poly-
nomial factors into real linear terms,

det(A— M) =M =N =A) A=A,  A,...,\ER

Then

n n

> Ai=trA, [[» =det A

i=1 i=1

Definition 3.4.10 (Diagonalizable matrix). An n x n matrix A is diagonalizable if there are
an invertible n X n matrix P and a diagonal matrix D with

A=PDP L.
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Theorem 3.4.11 (Diagonalization). An n x n matriz A is diagonalizable if and only if it has

n linearly independent eigenvectors v',...,v™. In that case one may take

P=[vl .. "], D = diag(A1, ..., M),

where \; is the eigenvalue belonging to v'. In particular, A is diagonalizable whenever it has n
distinct real eigenvalues.

This result is particularly useful for real symmetric matrices, which always have n linearly
independent eigenvectors and are therefore diagonalizable.



Lecture 4

Differential Calculus

4.1 Functions of one variable

4.1.1 Definition

Let I C R be an open interval and let f : I — R. If the input moves from zg to x¢ 4+ h, then
the input changes by h and the value of the function changes by

f(zo+h) = f(zo).

For h # 0, the ratio
f(zo 4+ h) = f(zo)
h
is the average rate of change between the two points. Geometrically, it is the slope of the line
that goes through (xo, f(z¢)) and (xo + h, f(zo + h)). The derivative is the limiting slope as
h — 0. Thus =z is the fixed point at which the derivative is evaluated, while zg+ h is the moving
input.

(4.1.1)

Definition 4.1.1 (Derivative). The function f is differentiable at xy if there is a € R such that

lim f(wo+h) — f(wo) .
h—0 h

The number a is the derivative of f at x, written f’(x¢). If f is differentiable at every point of
I, then f’ denotes the derivative function x — f'(x).

34
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i f(xo +h) — f(xo) / slope f'(zo)

(o + h, f(xo + h))

| | ;
To zo +h Zo x

Figure 4.1.1: Left: for h # 0 the difference quotient (4.1.1) is the rise f(zo+ h) — f(xg) over the
run h, that is, the slope of the secant line through (xg, f(zo)) and (xo + h, f(xo + h)). Right:
as h — 0 the second point slides along the graph toward the first and the secants rotate toward
a single limiting line. Its slope is the derivative f’(x), and the line itself is the tangent to the
graph at (zg, f(z0)).

We begin with three direct computations of the derivative using the definition.

Example 4.1.2 (Constant, affine, and quadratic functions). Fix 29 € R, and let a,b,c € R.

1. If f(z) = ¢, then [f(zo + h) — f(z0)]/h = 0 for every h # 0, so f'(x¢) = 0.
2. If f(z) = ax + b, then

flwo +h) = f(zo) _ alzo+h)+b—(azo+b) _
h B h o
so f'(zo) = a. The slope of an affine function is the same at every point.

3. If f(z) = 22, then

B 2 .9
f(ﬂco—l-h})L f(ﬂCO):(xO‘”;L) m0:2x0+h—>2x0.

Thus f/'(z) = 2z. In particular, f/(3) = 6.

4.1.2 Derivative as a linear approximation

Definition 4.1.1 has an equivalent form that will extend cleanly to several variables. Because I
is open, f(xzo-+h) is defined for every sufficiently small change h, so the limit below makes sense.

Theorem 4.1.3 (Derivative as a linear approximation). Let I C R be an open interval, let
f:I =R, and let xg € I. Then f is differentiable at xq if and only if there is a € R such that
|f(@o 4+ h) = fzo) —ah| _

}lll_r% 7] =0. (4.1.2)

In that case a is unique, and a = f'(xg).
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Proof. The proof relies on two facts. First, for any real-valued function w of h, |u(h)| — 0 if and
only if u(h) — 0 as h — 0 (see Lecture 2). Second, |b/c| = |b|/|c| for all b € R and ¢ € R\ {0}.
We have:

f(zo +h) = f(zo)

f is differentiable at xg <= da € R such that }lLir% N =a
—
<= da € R such that lim <f(x0 +h) — flzo) ah> =0.
h—0 h

<= da € R such that lim'f(xo +h) — f(@o) —ah =0.

h—0 h
<= da € R such that lim |/ (o + ) — f(zo) — ah| =0,

h—0 ’h’

where the first equivalence is by the definition of differentiability, the second equivalence is by
subtracting a from both sides, the third equivalence is the first fact, and the fourth equivalence
is the second fact. Furthermore, the a in Definition 4.1.1 is unique and equals f’(x¢), so the a
in (4.1.2) is also unique and equals f’(xzg).

]
Setting x = xo + h gives an equivalent moving-point form of (4.1.2):
T—x0 |$ — 1’0|

In both forms zg is fixed. In (4.1.2), h — 0; in (4.1.3), the input = z¢ + h tends to xo.

The reason why eq. (4.1.2) is called derivative as a linear approximation is as follows. Let
r(h) = f(xo+h) — f(zo) — ah in the numerator of (4.1.2). Then, f(zo+h) = f(xg)+ah+7r(h),
where f(xg)+ah is the linear approzimation of f evaluated at zo+h, while r(h) is the remainder
term. The condition in (4.1.2), now written as |r(h)|/|h| — 0 as h — 0 says that the remainder
term is negligible compared to h as h — 0.

Example 4.1.4 (Reading the derivative from an expansion). Let f : R — R be given by
f(z) = 22, and let x¢9 = 3. The function evaluated at xq + h is
fB+h)=B+h)?=

2
9 + 6h, + _h7 .
f(3)  linear term  r(h)

The remainder satisfies

2
mM:limm:limUﬂ:O.
h—0 ‘h| h—0 ’h‘ h—0

Therefore the linear coefficient is the derivative: f’(3) = 6.

We now have two ways of calculating derivatives for functions from R to R: the difference-
quotient Definition 4.1.1 and the linear-expansion method of Theorem 4.1.3. The latter method
is generalizable to functions of several variables, so we will use it in the next section.
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4.1.3 Properties of differentiability

Theorem 4.1.5 (Differentiability implies continuity). Let I C R be an open interval, let f :
I - R, and let xg € I. If f is differentiable at xq, then f is continuous at xg.

Proof (optional). For h # 0 small enough that xo + h € I,
zo + h) — f(xo) ‘h>

liy [+ 1) ~ S aw)) = Jy (£

—0 h

B (1 f($o+h)—f(370)) (lim h)
h—0 h h—0

= f'(z0)-0=0,

where the last line uses Definition 4.1.1. Hence
lim f(zo + h) = f(zo) + lim [f(zo + h) — f(wo)] = f(x0),
h—0 h—0
which is continuity of f at xg. O
The converse fails: a continuous function need not be differentiable.

Example 4.1.6 (Continuity without differentiability). Let f : R — R be given by f(z) = |z|.
At the origin, |f(z) — f(0)] = |z| — 0, so f is continuous. But for h # 0, the difference quotient
[f(h) — f(0)]/h = |h|/h equals 1 when h > 0 and —1 when h < 0. It has no limit as h — 0, so
f is not differentiable at 0.

Theorem 4.1.7 (Rules of differentiation). Let f and g be differentiable at xq, and let o, f € R.
Then

1. (af + B9)'(z0) = af'(x0) + Bg'(x0);
2. (f9)'(zo) = f'(x0)g(x0) + f(w0)g' (w0);

3. if g(xo) # 0, then
f'(x0)g(w0) — f(x0)g' (20)

g(x0)?

(f/9) (z0) =

Its proof uses Definition 4.1.1 and is left as an exercise.

Theorem 4.1.8 (Chain rule). Let I,J C R be open intervals, let g : I — R satisfy g(I) C J,
and let f: J — R. If g is differentiable at xo € I and f is differentiable at g(xo), then fog is
differentiable at xo and

(fog) (z0) = f'(g(x0)) g (o).

Proof (optional). Write yo = g(xo). Because J is open, yo + t € J for every sufficiently small ¢,
and for those ¢ define
f(yo+1) — f(wo)
t

Y t%07

f/(y0)7 t=0.
By Definition 4.1.1, ¢(t) — f'(yo) = ¢(0) as t — 0, so ¢ is continuous at 0. Multiplying by ¢,

flyo +1) — fyo) =t (1), (4.1.4)

p(t) =
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which holds for every t in the domain of ¢, including ¢ = 0.
Next, let h # 0 tend to zero with xg + h € I, and set t = g(xo + h) — g(zp). Since g is
continuous at xg by Theorem 4.1.5, t — 0, so for every sufficiently small h, (4.1.4) reads
F(g(@o +h)) = fg(x0)) = [g(zo + h) — g(x0)] w(g(w0 + h) — g(w0)),
Dividing by h,

F(glao + h)})L — fl9(z0)) _ g(zo+ h})b —90) (g + 1) — gl0)).

As h — 0, the first factor tends to ¢'(x¢) by Definition 4.1.1. For the second, ¢ — 0 as noted
above, and ¢ is continuous at 0, so ¢(g(zo + h) — g(zo)) — ¢©(0) = f'(yo). Hence

iy 2000+ )= o)) _ (1, otan 1)~ st

h—0 h h—0 h
= g'(x0) f'(yo)-

> <;11136 @ (g(wo +h) — 9(550)))

4.1.4 Useful theorems for functions of one variable
Theorem 4.1.9 (Interior extremum). Let a < b, let f : [a,b] — R, and let z* € (a,b). Suppose
f is differentiable at x* and that for some e > 0,
f(z*) > f(x) for every x € [a,b] with |z — z*| < e.
Then f'(z*) = 0. The same conclusion holds if instead f(z*) < f(z) for every such x.

Proof (optional). Because x* € (a,b), we have x* + h € [a, b] for every sufficiently small |h|. For
such h with 0 < |h| < e the hypothesis gives f(z* +h) — f(z*) < 0, and dividing by h preserves
the inequality when h > 0 and reverses it when h < 0:
f@* +h) — f(z") f@*+h) — f(z)
h h

<0 ifh>0, >0 ifh<0.

Since f is differentiable at z*, the two-sided limit of the difference quotient exists, so both
one-sided limits exist and equal f'(x*). Letting h | 0 gives f/'(z*) < 0, and letting h 1 0 gives
' (x*) >0, so f/(x*) = 0. For the reversed inequality, apply this to —f. O

Theorem 4.1.10 (Rolle’s theorem). Let a < b and let f : [a,b] — R be continuous on [a,b] and
differentiable on (a,b). If f(a) = f(b), then there is ¢ € (a,b) such that f'(c) = 0.

Proof (optional). If f is constant, then f’(¢) = 0 for every ¢ € (a,b).

Otherwise f(t) # f(a) for some t € [a,b]. Suppose f(t) > f(a). Since [a, b] is compact and f
is continuous, Theorem 2.3.5 from Lecture 2 gives a maximizer ¢ € [a,b] of f on [a,b]. We thus
have

f(e) = f(t) > fla) = f(b),
in particular, ¢ € (a,b). Then f is differentiable at ¢, and f(c) > f(x) holds for every z € [a, b],

including those = with |z —¢| < e for some ¢ > 0. By Theorem 4.1.9, we conclude that f’(c) = 0.
If instead f(t) < f(a), run the same argument with ¢ being a minimizer. O
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Theorem 4.1.11 (Mean value theorem). Let a < b and let f : [a,b] — R be continuous on [a, b]
and differentiable on (a,b). Then there is ¢ € (a,b) such that

fb) = f(a) = (b—a)f'(c).
Proof (optional). Let

f(0) — f(a)

g<t>:f(t)_f<a)_ b—a (t_a)v tE[a,b].

Then g is continuous on [a, b], differentiable on (a,b), and g(a) = g(b) = 0. By Theorem 4.1.10
there is ¢ € (a,b) with

yielding the result. O

4.2 Real-valued functions of several variables

In this section, we consider functions from R™ to R. Input vectors are column vectors. We use
x for a generic or moving input and x( for a fixed point at which a derivative is evaluated. Thus
h = x — x¢ is the change from g to z.

4.2.1 Partial derivatives

Recall from Lecture 3 that e; is the ith standard basis vector of R™, with 1 in coordinate 7 and
0 in every other coordinate. For a real number ¢, the vector te; has ¢ in coordinate ¢ and 0
elsewhere, and zg + te; adds ¢ to coordinate ¢ of xy while leaving every other coordinate of xg
unchanged.

Definition 4.2.1 (Partial derivative). Let U C R™ be open, let f : U — R, and let zy € U.
The ith partial derivative of f at xg, where i € {1,...,n}, is

of (29) = lim f(zo +te;) — f(zo)

8%1‘ t—0 t

)

provided the limit exists.

This is an ordinary one-variable derivative: hold all variables except x; fixed and differentiate
with respect to x;.

Example 4.2.2 (A function of two variables). Let f : R> — R be given by

f(z1,29) = 23y,
Holding x5 fixed and differentiating in x;, and then reversing their roles, gives

0 0
851(351’362) = 2x122, 6£(x1,x2) = x%
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4.2.2 Differentiability and C! functions

Partial derivatives describe a function only along the coordinate lines through a point. Differ-
entiability requires one linear approximation to work for small changes in all directions at once.
A linear map from R" to R has the form A +> a - h for some a € R™, so a and h, which were
scalars in the one-variable case, are now both vectors.

Definition 4.2.3 (Differentiability). Let U C R™ be open, let f: U — R, and let ¢ € U. The
function f is differentiable at xq if there is a € R™ such that

lim |f(xo+ h) — f(x0) —a- hl —0,
h—0 Al

where the limit is over h € R™ with h # 0. It is differentiable on U if it is differentiable at every
point of U.

When n = 1, the vector h and the coefficient a are scalars, a - h = ah, and ||h| = |h|.
Thus Definition 4.2.3 is exactly the linear-approximation form of the one-variable derivative in
Theorem 4.1.3. Only the form of the linear term has changed.

Equivalently,

f(xzo+h) = f(zo) +a-h+r(h), |7‘q|(:||)| — 0 ash—0. (4.2.1)

The same rule h — a - h must work for every way in which h can approach zero.
Alternatively, set © = xg + h. Then f is differentiable at zg if and only if there is a € R"

such that
lim |f(z) — f(x0) —a- (x — x0)|

@0 [ = o

= 0. (4.2.2)

The base point xg is fixed in this limit; x is the moving input.

Definition 4.2.4 (Gradient). If all partial derivatives of f exist at xg, the gradient of f at zo
is the column vector
Of /0x1(xo)

Vf(xg) = : € R".
Of /0 (o)

When f is differentiable, the vector in its linear approximation is exactly the gradient.

Theorem 4.2.5 (Consequences of differentiability). Let U C R™ be open and let f : U — R be
differentiable at xo € U, with vector a as in Definition 4.2.3. Then every partial derivative of f
exists at xog and

a =V f(xo).

In particular, the vector a is unique. Moreover, f is continuous at xg.
Proof (optional). Fix i and set h = te;. Then ||h|| = |t| and a - h = ta;, so Definition 4.2.3 gives

|f (o + tei) — f(xo) — ta

— 0.
t]
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Equivalently,
f(@o + te;) — f(xo)
t

— a; —)0,

so the difference quotient tends to a;. Thus the ith partial derivative exists and equals a;.
Repeating the argument for every i gives a = V f(xp), and because the partial derivatives are
defined independently of a, this also proves uniqueness.

For continuity, the Cauchy—Schwarz inequality gives

|a - h| <|lal[[[2[]] —0,

and

_ [r(n)]

Thus (4.2.1) gives f(xzo+ h) — f(x0). O

||h]| — 0.

Example 4.2.6 (A linear approximation in two variables). Let f : R? — R be given by
f(z1,29) = 239, and let 29 = (1, 2)". Expanding around zg gives

flzo+h)=(1+h)*(2+ hs)
=2+ 4hy + hy + (2hF + 2h1hs + hihs).

The constant is f(xg) and the linear term is (4,1) - h. If ||h|| < 1, the absolute value of the
remainder is at most

2|71 [? + 2|haha| + [ha|?|ho| < 5A]1%.
After division by ||h||, this bound tends to zero. Thus f is differentiable at x¢ = (1,2)" and

Vf(zo) = (?) :

The converse of the first claim in Theorem 4.2.5 is false: partial derivatives can exist without
a valid linear approximation. A convenient condition rules out this problem.

Definition 4.2.7 (C! function). Let U C R™ be open. A function f : U — R is C! on U, or
continuously differentiable on U, if every partial derivative 0 f/0x; exists on U and is continuous
as a function from U to R.

Theorem 4.2.8 (C' implies differentiable). If f : U — R is C' on the open set U C R™, then
f s differentiable on U and the gradient Vf : U — R" is continuous.

We use this theorem without proof. It provides the usual way to verify differentiability:
compute the partial derivatives and check that they are continuous. In particular, polynomials
are C' on R”, and rational functions are C'' wherever their denominators are nonzero.

The implications established in this section are

C! — (differentiable = continuous,

differentiable =  all partial derivatives exist.

None of the converses holds in general.
The linear approximation can also be written using differential notation.
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Remark 4.2.9 (Differential notation). If f is differentiable at o, its differential at x¢ is the linear
map

Afro(h) ==V f(z) - h = Zax

Thus dfz,(h) = V f(x0) - h is exactly the linear term in
f(xo+h) = f(xo) + Vf(xo) - h+r(h).

Economics texts often write the same expression as

n

Z

Here dz; labels a coordinate change; it is not the product of a number d and z;. We use the
actual changes h; when applying the differential.

4.2.3 Directional derivatives

A partial derivative permits only one coordinate to change. A directional derivative allows the
coordinates to change together in fixed proportions: for v = (v1,...,v,)", varying t traces the
line zg + tv through xg.

Definition 4.2.10 (Directional derivative). Let U C R™ be open, let f : U — R, and let zy € U.
The directional derivative of f at zq in the direction v € R™ is

Oy f(x0) = }g% flao + “;) - f(fﬂo),

provided the limit exists.

Taking v = e; gives the ith partial derivative. We do not require ||v|| = 1, so v specifies both
the relative changes in the coordinates and their scale. When f is differentiable, its gradient
gives every directional derivative.

Theorem 4.2.11 (Directional derivatives from the gradient). Let U C R™ be open and let
f U — R be differentiable at xo € U. Then, for every v € R™, the directional derivative exists
and

Ouf(x0) = V f(w0) U—Zaml

Proof (optional). If v = 0, the difference quotient is zero for every ¢ # 0, so the result holds. If
v # 0, substitute h = tv into (4.2.1) and use a = V f(zy):

fxo + tv) — f(zo)
t

r(tv).

= Vf(l’o) v+ ;

Moreover,

) rto)l

= [l
feoll

Taking the limit proves the first equality; the second writes out the inner product coordinate by
coordinate. n
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4.2.4 Steepest increase

To compare directions independently of scale, we restrict v to unit vectors and ask which one
gives the largest directional derivative.

Theorem 4.2.12 (Steepest increase). Let U C R™ be open, let f: U — R be differentiable at
xo € U, and suppose V f(xg) # 0. Define the unit vector

v* = vf(x()) )
IV f (o)l
Among all unit vectors v € R™, the directional derivative 0, f(xg) has its unique mazimum at
v =v* and its unique minimum at v = —v*. The corresponding values are
O f(x0) = [V f(zo)ll,  O-vflz0) = =V f(20)]-

Proof (optional). Write g = V f(z). For every unit vector v, Theorem 4.2.11 and the Cauchy—
Schwarz inequality give

O f(xo) = g-v<lg-v[ <|glllv]l = gl

The unit vector v* = g/||g|| satisfies g - v* = ||g]|, so it attains the bound. If a unit vector v also
attains it, then g - v = ||g|| and

lg = llglloll* = 2llgll (gl = g -v) =0.

Hence v = g/||g|| = v*. Applying the maximum result to —f gives the minimum and its unique
minimizer. O

Thus the gradient points in the direction of steepest increase, and its norm is the largest
rate of increase per unit change. By Theorem 4.2.11, 9, f (x¢) = 0 exactly when V f(zg) - v = 0.
In this case, v and V f(zg) are orthogonal. If V f(xg) = 0, every directional derivative is zero,
so first-order information does not select a direction of increase or decrease.

This result underlies gradient descent, an algorithm used to train many machine-learning
and Al models. If f is the loss function and xy, is the current parameter vector, gradient descent
chooses a step size a, > 0 and updates

Tpy1 = T — pVf(2p).
The negative gradient gives the direction of steepest local decrease, while oy, determines the size
of the step.
4.3 Vector-valued functions

4.3.1 Jacobians

A map F : U C R" — R™ has m outputs. Its linear approximation is therefore a linear map
from R™ to R™, represented by an m X n matrix.



LECTURE 4: DIFFERENTIAL CALCULUS 44

Definition 4.3.1 (Jacobian). Let U C R™ be open, let F': U — R™, and let g € U. The map
Fis differentiable at xq if there is an m X n matrix A such that

o IE G0+ 1) = F(wo) = Abl|
hs0 7]

where the limit is over h € R™ with A # 0. The matrix A is the derivative, or Jacobian, of
,F) T, the scalar-valued maps F; : U — R are the

F at xg, written DF(z¢). If F' = (Fy,...
component functions of F. The map F is C' on U if every component F; is C' on U.

Equivalently,
_ [l (R)]]
F(zo+ h) = F(xo) + DF(x0)h + r(h), 2l — 0 ash—0. (4.3.1)
The linear term has dimensions
DF(xzo)h : (mxn)(nx1l)=mx1,

so each row corresponds to an output and each column to an input.
With the moving input = = zg + h, the same definition is
F(x) - F —DF —
[EE|

lim
Tr—xQ

Theorem 4.3.2 (Entries of the Jacobian). The map F : U — R™ is differentiable at x if and
only if every component F; is differentiable at xg. In that case the Jacobian is unique and

o o

87331(330) T Txn (7o)
DF(z0) = : .

oF,, oF,,

Txl(xo) T oz, (wo0)

Thus the ith row of DF (xq) is VF;(xq) .
Proof (optional). Suppose first that F' is differentiable with derivative A, and let r(h) = F(xo+
h) — F(xz) — Ah. Since the absolute value of each coordinate of r(h) is at most ||r(h)||,

|Fi(zo + h) — Fi(zo) — 27— Aijhy]
IR -0

Thus F; is differentiable, and Theorem 4.2.5 gives
(Aila . ,Ain)—r = VFI(I'())

Conversely, suppose each Fj is differentiable, and define A = (A4;;) by

OF;
6l'j

Ai]’ = (:Uo)
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If r;(h) is the approximation error for component i, then |r;(h)|/||h|| — 0. Because there are
only finitely many components,

| F(xo + h) — F(xg) — Ah|| m ri(h) o\ 1/2

=1

Thus F is differentiable with derivative A. The first part identifies every entry of any possible
derivative, so the Jacobian is unique. O

It follows from Theorems 4.2.8 and 4.3.2 that every C' map is differentiable.
Example 4.3.3 (A 2 x 3 Jacobian). Let F : R3 — R? be given by

ZC2

2
DF(:c,y,z>=<2”fy z 0>, DF<x0>=(4 ! 0) at o = (1,2,0)T.

Then

0 1 3 01 3

The two rows correspond to the two outputs, and the three columns correspond to the inputs
‘/1:7 y? zZ.

For a scalar-valued function f : U — R, the Jacobian is a 1 x n row, whereas the gradient is
an n x 1 column:

Df(x0) = V(o). (4.3.3)
Consequently, D f(xg)h = V f(xg)-h. The gradient is convenient for geometric statements, while
the Jacobian is convenient for composition. When n = 1, both contain the ordinary derivative

[ (o).

4.3.2 The multivariable chain rule

The one-variable chain rule says that derivatives multiply. The same rule holds for functions
between Euclidean spaces, with matrix multiplication in place of scalar multiplication.

Theorem 4.3.4 (Chain rule). Let U C R"™ and V. C R™ be open. Let G : U — R™ satisfy
GWU) CV,andlet F :V — RP. If G is differentiable at xo € U and F is differentiable at
G(x0), then F o G is differentiable at x¢ and

D(F 9] G)(m'o) = DF(G(xo)) DG(.T()).

We use this theorem without proof. Using the row description from Theorem 4.3.2, the
product is
VFl(G(.%'()))T VGl(:Bo)T
D(F o G)(x0) = : :

VE,(G(z0))" VG (x0)"

pxXm mxn

The product is p x n, the required size for the derivative of F' o G : U — RP. The outer rows
are evaluated at G(xg), while the inner rows are evaluated at xop. When n = m = p = 1, the
formula reduces to the one-variable chain rule.

A useful special case follows a curve through the domain of a real-valued function.
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Corollary 4.3.5 (Derivative along a curve). Let V' C R™ be open, let v : I — V be differentiable
at tg € I, where I C R is an open interval, and let f : V — R be differentiable at v(to). Then

(f o) (to) = VI(1(t0) 7' (t0) = > 2L (3 (to)1 (ko).

i=1
Indeed, (4.3.3) and the chain rule give Df(y(to))Dvy(to) = Vf(y(to)) "+ (to).
4.3.3 A worked chain rule
Example 4.3.6 (A vector-valued composition). Define
1+t ww
G:R— R3, G(t) = 2 , F:R® - R?, F(u,u,w):< 2).
3+ 2t v

To find the derivative of F o G at ¢t = 0, compute

DG(t) =G'(t) =

N O =

w 0 wu
, DF(u,v,w):<0 1 2w>'

Because G(0) = (1,2,3)7, the chain rule gives

D(F o G)(0) = DF(G(0)) DG(0)
1

(0 Vo)) = (%)

The dimensions are (2 x 3)(3 x 1) = 2 x 1, as required for a map from R to R
For a direct check,

(@B +2t)\ [ 3+5t+ 2
(FOG)(t)—<2+(3+2t)2)_(11+12t+4t2>'

Differentiating the components at 0 again gives (5,12).



Lecture 5

Curvature, Convexity, and
Separation

Lecture 4 used a linear map to approximate a differentiable function near a point. In the
one-variable case, we saw that

f(@o+ h) = f(xo) + f'(z0)h.

In this lecture we are interested in the curvature of a function, which is described by a
second-order approximation. In the one-variable case, if f is twice continuously differentiable
near xg, the second-order Taylor approximation adds a quadratic term:

Flao+ 1) & f(wo) + (o) + 5 (o) 2

When f’(z9) = 0, the linear term vanishes, so first-order information does not tell us whether
the graph bends upward or downward. The sign of f”(zg) does. In several variables, the Hessian
Hy generalizes f”(zg), and the quadratic term becomes $h' H(zg)h.

5.1 Second-order approximation and curvature

5.1.1 Hessians and local quadratic models

Definition 5.1.1 (C? function). Let U C R™ be open. A function f : U — R is C? on U,
or twice continuously differentiable on U, if each first partial derivative 0f/0x; is C* on U.
Equivalently, all second partial derivatives of f exist and are continuous on U.

Definition 5.1.2 (Hessian). Let U C R™ be open and let f : U — R be differentiable. If the
gradient Vf : U — R" is differentiable at x € U, the Hessian of f at = is the Jacobian of its
gradient,

Hy(x) = D(Vf)(x).

It is the n x n matrix whose (i, j) entry is

(1), = 5 ( o ) (@),

47
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Example 5.1.3 (Computing a Hessian). Let f : R? — R be given by

flx1,20) = I%CEQ.

V() = (23:12302) .

Ly

In Lecture 4 we computed

The Hessian is the Jacobian of the gradient, so

2r9 211
Hy(z) = <2x1 0 >

Theorem 5.1.4 (Equality of mixed partials). Let U C R™ be open and let f : U — R be C2.

Then
o (of 9 [of

for every x € U and every i,j. Thus Hy(x) is symmetric.

We use this result without proof. Importantly, it requires continuity of the second partial
derivatives.

Theorem 5.1.5 (Second-order Taylor expansion). Let U C R™ be open, let f: U — R be C2,
and let xy € U. For changes h such that xo +th € U for every t € [0, 1],

()]

RE —0 ash—0. (5.1.1)

Pl +h) = (o) + Vi (x0) - h+ b7 Hy(aoh + r(h)

We use this result without proof. It has exactly the form of the linear approximation in
Lecture 4, with one additional term. The expression

f@@+Vﬂmyh+%Hﬂﬂmm

is the quadratic approximation to f(xo-+h). The first-order approximation stops after the linear
term and has a remainder negligible relative to ||h||. The second-order approximation keeps the
quadratic term and has a remainder negligible relative to ||hl|?.

5.1.2 Quadratic forms and their shapes

The quadratic term of the Taylor approximation has the form x " Az. We next study expressions
of this form, called quadratic forms. They are essentially quadratic polynomials in several
variables. Like quadratic functions in one dimension, quadratic forms have a constant Hessian.
That allows us to characterize all possible types of curvature in terms of the sign of the quadratic
form.

Definition 5.1.6 (Quadratic form). Let A be a symmetric n x n matrix. The function
Qualz) =2 Az, xr € R",

is the quadratic form associated with A.
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The restriction to symmetric matrices is without loss of generality. That is, if a quadratic
form is associated with a nonsymmetric matrix B, then the same quadratic form is associated
with a symmetric matrix B = (B + BT)/2.

Next, the Hessian of Q4 = 2 Az equals 24. To see this, observe that

n n
Qalz) =Y aywix;,
i=1 j=1

so, using the symmetry a;; = a;;, the kth component of the gradient and the (k,[) second partial

are
Q4 - 9 (9Qa
=9 iy
0 =2 o o (5

> (z) = 2ay.

In matrix form, VQa(z) = 2Az and
Hg,(z) =2A,

which indeed does not depend on .
The sign of " Az (which is a scalar) describes the possible shapes of the curvature of the
quadratic form in R™.

Definition 5.1.7 (Definiteness). Let A be a symmetric n X n matrix.

Ais positive definite <= x' Az >0 for every x # 0,
A is positive semidefinite <= z' Az >0 for every =z,

A is negative definite <= x' Az <0 for every x # 0,
A is negative semidefinite < x' Az <0 for every x.

The matrix is indefinite if its quadratic form takes both positive and negative values.

(a) positive definite: (b) negative definite: (c) positive (d) indefinite:
z} + 23 —z3 — 23 semidefinite: 2 — 23
2
1

Figure 5.1.1: Four representative quadratic forms in two variables. The light blue surface is the
graph of Q) over a square around the origin; the two thick curves show the values of @) along the
r1-axis and along the xo-axis.
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To read the pictures, fix a direction v # 0 and move through the origin along the line tv.
Along this line, the quadratic form becomes the one-variable function ¢, (t) = Qa(tv) = t? v Av,
a parabola through the origin with second derivative

Pl(t) = 20" Av.

(2

The sign of v' Av therefore tells us whether this slice bends upward, bends downward, or is
flat. Thus definiteness describes every one-dimensional slice through the origin. Positive defi-
nite means that every nonzero-direction slice bends upward, so the origin is the unique global
minimum; negative definite means that every such slice bends downward, so the origin is the
unique global maximum. A positive semidefinite form may be flat in some directions, while an
indefinite form bends upward in some directions and downward in others, so the origin is neither
a maximum nor a minimum. These are exactly the shapes in Figure 5.1.1.

5.1.3 Computational tests for definiteness

Checking definiteness of a matrix A using the definition in Definition 5.1.7 requires evaluating
x| Az for every nonzero z € R"; that is not very practical.

Instead, this section introduces two types of tests that are easier to apply. The first uses
eigenvalues, and the second uses determinants of submatrices.

For a diagonal matrix

M 0 - 0

0 X -+ 0
D=1. . . I

0 0 - M\,

the check is immediate:

z Dx = Alm% + )\21‘% + -4 )\nmi,
a sum of squares weighted by the diagonal entries. If every A\; > 0, the sum is positive for
every x # 0, so D is positive definite; if every A; > 0, the sum is nonnegative, so D is positive
semidefinite; the negative cases flip the inequalities. If some \; > 0 > A;, then eZTDei =X\>0
and ejTDej = ); <0, so D is indefinite. The definiteness of a diagonal matrix is thus decided
by the signs of its diagonal entries.

Recall the diagonalization theorem of Lecture 3: a matrix A with n independent eigenvectors
can be written as A = PDP~!, where the columns of P are the eigenvectors and D is the
diagonal matrix of the corresponding eigenvalues; we also noted, without proof, that symmetric
matrices always have n independent eigenvectors. For symmetric matrices slightly more is true:
the eigenvectors can be chosen so that P~! = PT — such a P is called orthogonal — and the
factorization becomes A = PDPT. This refinement is the spectral theorem, which we again use
without proof. It reduces any symmetric matrix to the diagonal case: changing variables to
z=P'x turns ' Az into 2" Dz, and the diagonal computation above applies. This gives the
first test.

Theorem 5.1.8 (Eigenvalue test). Let A be a symmetric n X n matriz. Then
A is positive definite <= every eigenvalue of A is positive,
A is positive semidefinite <=  every eigenvalue of A is nonnegative,
A is negative definite <=  every eigenvalue of A is negative,
<~

A is negative semidefinite every eigenvalue of A is nonpositive.
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The matrix is indefinite if and only if it has eigenvalues of both signs.

Proof (optional). By the spectral theorem, write A = PDP" with D = diag(\1,...,\,) and P
orthogonal, and put z = P'z. Then

n
¢"Ar =2 " PDP'2 =2"Dz = Z Niz2.

i=1

Since P is orthogonal, z = Pz, so x = 0 if and only if z = 0, and as = ranges over R" so does
z. The quantity =" Az therefore has the same range of signs as > A\iz? over all z. That sum
is positive for every z # 0 exactly when every A; > 0: the “if” direction is immediate, and
taking z = e; gives )\; itself, which forces the “only if” direction. The other three cases are the
same argument with the inequality changed, and the indefinite case follows by taking z = e; for
eigenvalues of each sign. O

The second test requires no eigenvalues. Instead, it looks at the signs of the determinants of
certain submatrices of A.

Definition 5.1.9 (Principal minors). Let A be an n x n matrix. For a nonempty index set
I C{1,...,n}, let A; be the square matrix obtained by retaining the rows and columns whose
indices belong to I. The determinant det Ay is a principal minor of order k when I contains k
indices. The minors

Ap = det A{17.“7k}, k=1,...,n,
are the leading principal minors of A.

In general, a minor of A is the determinant of a submatrix obtained by retaining some rows
and some columns; a minor is principal when the retained row and column index sets are the
same set /. For example, for a 3 x 3 matrix A = (a;;), the index set I = {1, 3} retains rows 1,3

and columns 1, 3:
_ (a1 a3
Apgy = <a31 a33> ’

and det Ay 3y is a principal minor of order 2. Counting nonempty index sets, A has 22 -1=7
principal minors. The three leading ones come from the sets {1}, {1,2}, and {1, 2,3}, so they
grow from the top-left corner:

Ay =ay, Ay =det (““ ‘“2) . Ag=det A.
a1 a2
Definiteness can be read off the signs of these minors.

Theorem 5.1.10 (Principal-minor tests). Let A be a symmetric nxn matriz, and let Aq, ..., A,
be its leading principal minors.

1. A is positive definite if and only if A > 0 for every k=1,...,n.
2. A is negative definite if and only if (=1)¥A > 0 for every k =1,...,n.

3. A is positive semidefinite if and only if every principal minor of A is nonnegative.
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4. A is negative semidefinite if and only if every principal minor of order k has sign satisfying

(—1)*det A; > 0.

We use this result without proof. The first two parts are commonly called Sylvester’s crite-
rion. Notice the difference between the definite and semidefinite cases: definite matrices require
only the n leading principal minors, while semidefinite matrices require all 2" — 1 nonempty
principal minors.

Example 5.1.11 (The 2 x 2 tests). Let

A:(Z jj).

Its leading principal minors are a and ac — b?, while all of its principal minors are a, ¢, and
ac — b2. Therefore

A is positive definite a>0and ac— b >0,
a <0 and ac —b* > 0,
a>0, c>0, andac—bQZO,

a<0, ¢c<0, and ac — b* > 0.

A is negative definite

A is positive semidefinite

rrue

A is negative semidefinite

For the positive-definite case, the first line can also be seen directly by completing the square
(possible whenever a # 0):

ac—b*
x5.

b 2
r' Az =a (xl + :UQ) +
a a

If a > 0 and ac — b?> > 0, both coefficients are positive. Conversely, if A is positive definite,
evaluating at = e; gives a > 0, and evaluating at = = (—b/a,1)T gives (ac — b%)/a > 0.
The next example shows why the semidefinite tests need more than just the leading minors.

Example 5.1.12 (Weak leading-minor inequalities are insufficient). Let A = diag(0, —1). Its
leading minors satisfy A; = Ay = 0, but the principal minor indexed by I = {2} is —1. Thus
weak inequalities on the leading minors alone do not establish positive semidefiniteness. The
missing principal minor detects the negative direction ez, along which e; Aey = —1.

Example 5.1.13 (A three-variable quadratic form). Let Q : R® — R be given by

Q(w1, 2, 3) = —a] — 3 — 23 + 1172 + T273.
Its Hessian is
-2 1 0
Ho=|1 -2 1|,
0 1 -2

whose leading principal minors are
A= -2, Ay =3, Az = —4.

Thus (—1)kAk equals 2, 3, and 4, respectively, so by Theorem 5.1.10 Hg is negative definite.
This establishes negative definiteness without computing any eigenvalues.
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The tests apply equally when the Hessian entries are not constant.

Example 5.1.14 (A varying Hessian). Let f : R2 | — R be given by f(z1,22) = log 1 +log x2.
Differentiating twice,
_(—1/2? 0
i) = (707 ).

which is diagonal with negative entries and hence negative definite at every x, by Theorem 5.1.8.
The Hessian varies with x, but its definiteness does not.

In the last example of this section, definiteness depends on a parameter.

Example 5.1.15 (An interaction term). Fix b € R? and v € R, and define ¢ : R? — R by
q(z) =b-z — (23 + yr132 + 73).

Here H, is constant. Direct differentiation gives

_ (2 -
Hq_(_7 _2).

The leading principal minors are —2 and 4 — 42. Therefore Theorem 5.1.10 shows that H, is
negative definite when |y| < 2. When |y| = 2, its two order-one principal minors are negative
and its determinant is zero, so it is negative semidefinite. When |y| > 2, its determinant is
negative, so it is indefinite: symmetry makes both eigenvalues real, and their negative product
forces them to have opposite signs. The interaction term can therefore preserve, flatten, or
overturn the downward curvature of the two squared terms.

At this point two exact tests are available: definiteness can be read off the signs of the
eigenvalues (Theorem 5.1.8) or off the signs of the principal minors (Theorem 5.1.10). Often
a full classification is unnecessary, and a cheaper observation settles the question. Table 5.1.1
collects these quick checks for the negative case; reversing every sign gives the positive case. A
necessary condition can rule the property out but never establishes it.

Check Verdict

ay < 0 for every i necessary for negative semidefiniteness, not sufficient
ay; < 0 for every i necessary for negative definiteness, not sufficient
(—=1)kA, > 0 for every k necessary for negative semidefiniteness, not sufficient
(—=1)*Ay > 0 for every k equivalent to negative definiteness

some x has ' Az > 0 counterexample to negative semidefiniteness

some z # 0 has ' Az =0 counterexample to negative definiteness

negative semidefinite and det A # 0 sufficient for negative definiteness

Table 5.1.1: Quick checks for a symmetric matrix A with entries a;; and leading principal minors
Ayg.

The diagonal checks follow by evaluating the quadratic form at the coordinate vectors, since
eiTAeZ- = a4. The reverse is not true in the first three rows: for example, (}1 _21) passes both
diagonal checks yet is indefinite. The last row follows from the eigenvalue test: the eigenvalues
are nonpositive and their product det A is nonzero, so all of them are negative.
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5.2 Convex sets and concave functions

5.2.1 Convex sets and preservation

The Hessian and Taylor expansion describe a function near one point. Turning their curvature
information into a statement about the function everywhere requires moving between arbitrary
points along the segment joining them. The domain must contain that segment.

Definition 5.2.1 (Convex combination and convex set). Let x,y € R™.

e A convex combination of x and y is a point
(1 —-t)x +ty, t €10,1],
and the set of all of them is the line segment joining x and y.

o A set C CR"is convex if

1-trx+tyeC for every x,y € C and every t € [0, 1].

At t = 0 the combination is « and at ¢t = 1 it is ¥, so a set is convex exactly when the segment
joining any two of its points stays inside it. For example, R” itself, every affine subspace,
every halfspace {z : a -z < c}, and the orthants R’} and R}, are convex. The unit circle
{r € R? : ||z|| = 1} is not: it contains e; and —e; but not their midpoint 0. Figure 5.2.1 shows
the definition in R2.

(a) convex (b) not convex

Figure 5.2.1: The set on the left is convex: for any two points in the set, the segment joining
them is inside the set. The right is not convex: the segment joining the marked points z and y
is not entirely in the set.

Rather than verify Definition 5.2.1 for each new set, it is usually quicker to build the set out
of convex pieces. An affine map T : R™ — R™ has the form T'(x) = Az + b for an m x n matrix
A and a vector b € R™.

Theorem 5.2.2 (Preservation rules). The following constructions preserve convexity.
1. The intersection of any collection of convex sets is convew.
The Cartesian product of convex sets is convex.

The image of a convex set under an affine map is convex.

e

The inverse image of a convex set under an affine map is convex.
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Proof (optional). Intersections. Let C = [, Cq with each C, convex, and let z,y € C and
t € [0,1]. For each a both z and y lie in Cy, so Definition 5.2.1 puts (1 — t)x + ty in C,. Being
in every C,, it lies in C.

Products. Convex combinations in a product are taken coordinate block by coordinate block,
so the claim follows by applying Definition 5.2.1 in each factor.

Affine maps. Let T(x) = Az + b. Expanding, and recombining the two copies of b as
(1= t)b+ tb,

T(1-tz+ty) =A(Q—t)z+ty) +b=(1—)T(z) +tT(y), (5.2.1)

so T carries the segment joining x and y onto the segment joining 7'(x) and T'(y). If C'is convex,
(5.2.1) exhibits every point between T'(z) and T'(y) as the image of a point of C, so T(C) is
convex. If D is convex and x,y € T~(D), then (5.2.1) puts T((1 — )z + ty) between T'(z) and
T(y), hence in D. O

A useful consequence of the preservation rules: any finite list of linear equalities and inequal-
ities defines a convex set. The example below shows why.

Example 5.2.3 (Linear restrictions define a convex set). Let A be m x n, let B be p X n, and
let b € R™ and ¢ € RP. The set

C={reR": Az <b, Bx=c}

is convex, where the inequality is coordinatewise. Each row of these restrictions has the form
a-x=dora-x <dfor some a € R" and d € R. The set each restriction defines is the inverse
image of the convex set {d} or (—oo, d|] under the affine map z +— a-z. Part (4) of Theorem 5.2.2
makes each restriction convex, and part (1) makes their intersection C' convex.

5.2.2 Concavity and superlevel sets

Convexity of a set says that its line segments stay in the domain. Concavity then compares the
height of a function along those same segments.

Definition 5.2.4 (Concave and convex functions). Let C' C R™ be convex and let f: C' — R.

e f is concave if

f(A=tz+ty) > (1 —t)f(z) +tf(y) for every x,y € C and every t € [0, 1].

e f is strictly concave if that inequality is strict whenever x # y and t € (0,1).
o fis convex if —f is concave, and strictly convex if —f is strictly concave.

The right-hand side is the height at (1 —¢)x +ty of the chord joining the two points (z, f(z))
and (y, f(y)) on the graph, so a concave function lies on or above each of its chords. This is the
global version of bending downward: it compares any two points, not only nearby ones. Strict
concavity additionally forbids the graph from containing a line segment. If a € R™ and b € R,
the affine function f(z) = a - x + b satisfies Definition 5.2.4 with equality, by the computation
(5.2.1). Thus it is both concave and convex, and neither strictly.
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f(1 =tz +ty)

@ f@) S L

T (1—t)z+ty y

Figure 5.2.2: The chord inequality of Definition 5.2.4. At each point (1 —¢)x +ty of the segment
joining z and y, the graph of a concave function lies on or above the chord joining (z, f(x)) and
(y, f(y)). Here f is strictly concave, but establishing that requires checking the inequality for
every pair of points x # .

Concavity is a statement about the graph. It also imposes structure on the sets of points at
which the function is at least as large as a given level.

Definition 5.2.5 (Superlevel set). Let C C R™, let f: C' — R, and let a € R. The superlevel
set of f at level « is

Sa(f) ={z € C: f(x) = a}.

Theorem 5.2.6 (Superlevel sets of a concave function). If C' is convexr and f : C — R is
concave, then Sy (f) is convex for every a € R.

Proof. Let x,y € So(f) and t € [0, 1], and put z = (1 — ¢t)z + ty. Convexity of C' puts z in C by
Definition 5.2.1, and Definition 5.2.4 gives

)= (A=) f(z)+tf(y) = (1 -ta+ita=a,

the second inequality because f(x) > « and f(y) > « by Definition 5.2.5. Hence z € S, (f). O

5.2.3 Quasiconcavity

The proof of Theorem 5.2.6 used concavity only to keep f(z) above a, never to keep it above
the weighted average. Demanding just the conclusion gives a weaker property, and it is the one
that many results actually need.

Definition 5.2.7 (Quasiconcavity). Let C' C R™ be convex. A function f: C' — R is quasicon-
cave if S, (f) is convex for every a € R.

In one variable, the convex sets are the intervals, so quasiconcavity requires each superlevel
set to be an interval. Figure 5.2.3 shows a single-peaked function that passes this test and a
two-peaked function that fails it.
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(a) quasiconcave (b) not quasiconcave

Figure 5.2.3: Superlevel sets in one variable. The single-peaked function on the left is quasicon-
cave: at each level «, the superlevel set S,(f) is an interval. The two-peaked function on the
right is not: at the level shown, its superlevel set is a union of two disjoint intervals, which is
not convex.

Quasiconcavity can also be stated as an inequality along segments, parallel to Definition 5.2.4
but with the minimum in place of the weighted average.

Theorem 5.2.8 (Minimum characterization). Let C C R" be convezr. A function f:C — R is
quasiconcave if and only if

f((1=t)z +ty) > min{f(z), f(y)} for every x,y € C and every t € [0, 1].

Proof. Convex superlevel sets imply the inequality. Let z,y € C and t € [0,1], and put
a = min{f(z), f(y)}. Then x,y € So(f) by Definition 5.2.5, and that set is convex by Def-
inition 5.2.7, so (1 — t)x 4+ ty € Sa(f), which is the inequality.

The inequality implies convex superlevel sets. Fix a and let 2,y € S,(f) and t € [0, 1]. Then
(1 —t)x + ty € C by Definition 5.2.1, and

F((1 =t +ty) > min{f(2), f(y)} = a,
so the point lies in S,(f). O

Concavity implies quasiconcavity, since a weighted average of f(x) and f(y) is at least their
minimum, so Definition 5.2.4 gives the inequality of Theorem 5.2.8. The converse fails.

Example 5.2.9 (Quasiconcave but not concave). Let f : R — R be given by f(x) = x3. Since
f is increasing, each superlevel set is the interval [ozl/ 3 00), which is convex, so f is quasiconcave
by Definition 5.2.7. It is not concave: taking the midpoint of 0 and 2,

f) =1<4=4F(0)+5f(2),
which violates Definition 5.2.4.

What made Example 5.2.9 work is that 23 is an increasing relabelling of the values of x, and
quasiconcavity, unlike concavity, survives any such relabelling.

Theorem 5.2.10 (Increasing transformations). Let C C R" be convez, let f : C — R be
quasiconcave, and let ¢ : R — R be nondecreasing. Then @ o f is quasiconcave.
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Proof. Let z,y € C and t € [0,1]. Applying ¢ to the inequality of Theorem 5.2.8 preserves it,
because ¢ is nondecreasing, so

(F((1 =0z +ty)) = p(min{f(), F()}) = min{e(f(2)), ()}

the equality because a nondecreasing ¢ sends the smaller of two numbers to the smaller of their
images. By Theorem 5.2.8 again, ¢ o f is quasiconcave. O

5.3 Concavity criteria, global optimality, and separation

5.3.1 Restriction to line segments

To decide whether a function of n variables is concave, we reduce the question to one variable.
The reduction rests on three results: concavity of f is equivalent to concavity of its restriction
to every line segment of the domain (Lemma 5.3.1); such a restriction has second derivative
v Hy(x + tv)v (Theorem 5.3.2); and a one-variable function is concave exactly when its second
derivative is nonpositive (Lemma 5.3.3).

Lemma 5.3.1 (Line-segment restriction). Let U C R™ be conver and let f : U — R. For
z,yeUletv=y—x and

o(t) = flx +tv), t €[0,1].

Then f is concave if and only if ¢ is concave on [0,1] for every choice of x,y € U, and f is
strictly concave if and only if ¢ is strictly concave for every choice of x,y € U with x # y.

Proof (optional). Concavity of f implies concavity of every ¢. Fix z,y € U and let s,s" € [0,1]
and t € [0,1]. The point z+ ((1—t)s+ts")v is the convex combination (1—t)(z + sv) +t(z+s'v)
of two points of U, so Definition 5.2.4 gives

P((1=t)s+ts') = f((1 —t)(z + sv) + t(z + s'v)) = (1 —)p(s) + to(s").

Concavity of every ¢ implies concavity of f. Given z,y € U and t € [0, 1], take s = 0 and
s’ =1 above. Since ¢(0) = f(x) and ¢(1) = f(y),

F((A =tz +ty) = o) > (1 —1t)f(x) +tf(y).

For the strict statements, note that = # y makes v # 0, so distinct values of s give distinct
points = + sv; both displays above then hold with strict inequalities under the corresponding
strict hypothesis. O

For a function of one variable, the second derivative tells us whether the graph bends upward
or downward. For a function of several variables, the input can move in many directions, and
the curvature may depend on the direction. We therefore restrict the function to the line z + tv
and study it as a function of the single variable t. Figure 5.3.1 shows the construction.
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(a) the segment (b) the restriction
x + tv in the domain o(t) = flx + tv)

Figure 5.3.1: Restricting f to a line segment. The segment joining x and y in the n-dimensional
domain U C R™ (left) is parameterized as = +tv with v = y — x; along it, the n-variable function
f collapses to the function ¢(t) = f(x +tv) of the single real variable ¢ (right), with ¢(0) = f(x)

and ¢(1) = f(y).

Theorem 5.3.2 (Directional curvature). Let U C R™ be open, let f: U — R be C2, let x € U,
and let v € R"™. Put ¢(t) = f(x + tv) for those t with x +tv € U. Then

&'(t) = Vf(x+tv) v, ¢"(t) = v Hy(x + tv) .
Proof (optional). Define the curve v : R — R"™ by
v(t) =z + to.

Its ith coordinate is the affine function v;(t) = x; + tv;, whose derivative is v}(t) = v;. Therefore
V() =v.

Fix any ¢ such that (¢) € U. Because U is open, there is € > 0 such that B(y(t),e) CU. If
v # 0, then

[v(s) =v@®) = |s = tl|[v]| < e

whenever |s —t| < ¢/||v||. If v =0, then v(s) = y(t) for every s. In either case, f oy is defined
on an open interval containing t. Since ¢ = f oy, the derivative-along-a-curve formula from
Lecture 4 gives

80 =3 L) =3 2L+ s = Vit + ) .
j ! i=1 '

For each i, define g; : U — R by

9i(y) = gi (y)-

Because f is C?, each g; is C' and hence differentiable. Applying the same derivative-along-a-
curve formula to g; o v gives
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where the second equality follows from the definition of the Hessian. For every s in the open
interval above, the formula for the first derivative can be written as

= > uilgi o))

Since each v; is constant, differentiating this equality at s =t gives

n
¢o"(t) = vilgion) szz Hy(x + tv)), vj,
1=1

=1 j=1

which equals v H #(z + tv)v by the definition of matrix multiplication. Since t was arbitrary,
both formulas hold for every ¢ in the domain of ¢. O

Thus v' H f(x)v is the second derivative of f along the line through z in direction v: the
Hessian measures curvature one direction at a time, just as the gradient measures slope one
direction at a time. We use this result below to relate the signs of v H(x)v across directions v
to concavity, and in Lecture 6 to derive necessary second-order conditions for a local optimum.

Finally, we state the one-variable second-derivative test.

Lemma 5.3.3 (One-variable second-derivative test). Let I C R be an interval, and suppose ¢
is twice continuously differentiable on an open interval containing I. Then ¢ is concave on I if
and only if ¢"(t) <0 for every t € I. If ¢"(t) < 0 for every t € I, then ¢ is strictly concave.

We use this result without proof. The second half of the statement does not reverse: a
strictly concave ¢ may have ¢ = 0 somewhere, as ¢(t) = —t* does at t = 0.
5.3.2 Tangent and Hessian criteria

The first criterion replaces the chord inequality by a comparison with the tangent plane at one
point.

Theorem 5.3.4 (Tangent characterization). Let U C R™ be open and convez, and let f : U — R
be differentiable. Then f is concave if and only if

fly) < flx)+Vf(z) (y—2) for every x,y € U. (5.3.1)

Proof (optional). Concavity implies (5.3.1). Let x,y € U and t € (0,1). By Definition 5.2.4
applied to x and v,

flz+tly—a) > (1-t)f(z) +tf(),
and subtracting f(z) and dividing by ¢ > 0 gives

flz+ty —x) — f=2)

As t decreases to zero the left-hand side tends to ¢/(0), where ¢(t) = f(x + t(y — x)), and the
chain rule gives ¢/(0) = Vf(z) - (y — ). The inequality passes to the limit, which is (5.3.1).
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(5.3.1) implies concavity. Let z,y € U, let t € [0,1], and put z = (1 — t)x + ty, which lies in
U because U is convex. Applying (5.3.1) at the point z to each of z and y,

f@) < f(2) + V() - (z—2),
fy) < fZ)+VIE)-(y—2).

Multiply the first by 1 — ¢t and the second by ¢t and add. The gradient terms combine into
Vf(z)-((1—t)z+ty—z), which is zero by the definition of z, leaving (1—t) f(z)+tf(y) < f(z). O

A differentiable concave function thus lies on or below each of its tangent planes. Note that
the right-hand side of (5.3.1) uses the value and gradient of f at the point x only, yet it bounds
f everywhere. Figure 5.3.2 shows the inequality in one variable.

fla)+Vfz)-(y—=)

Figure 5.3.2: The tangent characterization of Theorem 5.3.4. The graph of a differentiable
concave function lies on or below the tangent line at x, so the value f(x) + Vf(z)- (y — x)
computed from data at x alone bounds f(y) at every other point y.

The second criterion uses the Hessian. Negative semidefiniteness means that every line
restriction bends downward or remains flat.

Theorem 5.3.5 (Hessian characterization). Let U C R™ be open and convez, and let f : U — R
be C2.

1. f is concave if and only if Hy(x) is negative semidefinite for every x € U.
2. If Hy(x) is negative definite for every x € U, then f is strictly concave.
The corresponding statements for convexity reverse every sign.

Proof (optional). Negative semidefinite implies concave. Fix x,y € U, put v = y — z, and let
é(t) = f(xr + tv) as in Lemma 5.3.1. By openness of U, this restriction is C? on an open
interval containing [0,1]. By Theorem 5.3.2, ¢"(t) = v' Hy(x + tv)v, which is at most 0 by
Definition 5.1.7. So ¢ is concave by Lemma 5.3.3, and since = and y were arbitrary, f is concave
by Lemma 5.3.1.

Concave tmplies negative semidefinite. Fix x € U and v € R™. Since U is open, z +tv € U
for every ¢ in some open interval containing 0. The restriction ¢(t) = f(z + tv) is concave by
Lemma 5.3.1, so Lemma 5.3.3 gives ¢”(0) < 0. By Theorem 5.3.2,

¢"(0) = v  Hp(z)v <0.



LECTURE 5: CURVATURE, CONVEXITY, AND SEPARATION 62

Since v was arbitrary, Hy(x) is negative semidefinite.

Negative definite implies strictly concave. Fix distinct x,y € U, put v = y — z, and let
¢(t) = f(x + tv). The direction v is nonzero, so ¢"(t) < 0 throughout by Theorem 5.3.2
and Definition 5.1.7. Hence Lemma 5.3.3 makes ¢ strictly concave. Since x and y were arbitrary,
Lemma 5.3.1 makes f strictly concave. O

Part (2) does not reverse, for the same reason Lemma 5.3.3 does not: f(z) = —z* is strictly
concave on R while f”(0) = 0. Negative definiteness is sufficient for strict concavity, never
necessary.

5.3.3 Global optimality and uniqueness

For concave functions, a first-order condition at a single point is sufficient for a global maximum.

Corollary 5.3.6 (First-order sufficiency). Let U C R™ be open and convez, let C C U be convet,
and let f: U — R be differentiable and concave. If z* € C satisfies

Vi) (z—2")<0 for every x € C, (5.3.2)
then x* mazimizes f on C. If f is strictly concave, then x* is the only mazximizer.

Proof. For z € C, Theorem 5.3.4 at the point z* and then (5.3.2) give
flx) < (") + V(") (z —a7) < f(a").

Uniqueness. Suppose f is strictly concave and x # y both maximize f on C', with common
value m. Their midpoint lies in C by Definition 5.2.1, and Definition 5.2.4 gives f(3z + 1y) >
%m + %m = m, contradicting that m is the maximum. O

In particular, any z* € C' with V f(2*) = 0 satisfies (5.3.2). It is therefore a global maximizer
of a concave function, and under strict concavity it is the only one. The more general inequality
(5.3.2) also allows z* to lie on the boundary of C, where the gradient need not vanish.

Example 5.3.7 (Maximizing a strictly concave quadratic). Fix b € R? and v € R with |y| < 2,
and define ¢ : R> — R by
q(z) =b-x — (23 + yr172 + 73).

Its Hessian has leading principal minors —2 and 4 — 42 > 0, so it is negative definite by Theo-
rem 5.1.10. Hence ¢ is strictly concave on R? by Theorem 5.3.5. Setting Vq(x) = 0 gives

2 v _ . 1 2 —v
('7 2>x_b’ * a;_4_72<_7 2>b’

By Corollary 5.3.6, z* is the unique global maximizer of ¢ over R%. The first-order equations
produce the candidate; strict concavity is what makes it the answer.
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5.3.4 Separation

We end with a geometric consequence of convexity. Separating hyperplanes place two convex
sets in opposite halfspaces.

Definition 5.3.8 (Hyperplane). Let a € R™\ {0} and ¢ € R. The hyperplane with normal a at
level c is
H(a,c)={zeR":a-z=c},

and its two closed halfspaces are {x : a-x < c} and {z:a-z > c}.

Theorem 5.3.9 (Separating hyperplane). Let A, B C R™ be nonempty, disjoint, and convez.
There exist a # 0 and ¢ € R such that

a-r<c<a-y for every x € A and every y € B.

We use this result without proof. The two sets lie in opposite closed halfspaces of H(a,c).
The inequalities are weak: the common level ¢ may be approached, or even attained, by points
of the two sets. Figure 5.3.3 shows the configuration in R2.

H(a,c)

Figure 5.3.3: A hyperplane separating two disjoint convex sets. Every point of A satisfies a-x < ¢
and every point of B satisfies a -y > c.

Example 5.3.10 (No gap between the sets). Let A = {x € R? : 75 < 0} and B = {z € R? :
x9 > 0}, which are nonempty, disjoint, and convex. Taking a = es and ¢ = 0 gives

a-xr=29<0<ys=a-y (x € A, y € B).

Thus the sets are separated by the level 0, but there is no positive gap between their separating
levels: points of A have second coordinate arbitrarily close to 0.

A positive gap therefore requires hypotheses beyond disjointness.



Lecture 6

General Optimization

Solving an optimization problem requires three separate steps. First, we show that a solution
exists. Second, we find the points that satisfy the necessary conditions for a solution. Third, we
determine whether any of those points is a global solution. Setting a derivative equal to zero
addresses only the second step.

6.1 The problem and existence

6.1.1 The problem and the candidate list

Many optimization problems belong to a family indexed by a parameter. We hold the parameter
fixed while solving a single problem, but keep it in the notation so that the solution set and
value can later be compared across problems.

Definition 6.1.1 (Optimization problem). Let © be a parameter set, let U C R", and let
f:U x 0O — R. For a fixed 6 € O, the problem

- D) CU
xren%)f(& ), 9) €U,

has the following parts.
e The vector x is the choice variable and 0 is the parameter.

e The set D(0) is the feasible set and f(-;0) is the objective.

e The solution set is
X*(0) = argmax f(z;6),
zeD(0)

and when it is nonempty its elements all share one objective value, the value V(6) =

f(z*;0) for any z* € X*(0).

Example 6.1.2 (Utility maximization). A consumer with utility u : R — R faces prices
p € R, and wealth w > 0:

max u(z), B(p,w) ={z € R} :p -z <w}.
z€B(p,w)

Here the bundle z is the choice variable, (p,w) is the parameter, the budget set is the feasible
set, demand is the solution set, and indirect utility is the value.

64
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Note that writing max instead of sup presumes that the supremum is attained. A supremum
can be finite without being attained, and then X*(6) is empty and V' (6) is undefined. Before
using the notation, we must establish that a solution exists.

Definition 6.1.3 (Local and global maximizers). Let D CR™ and f: D — R, and let * € D.
o z* is a global mazimizer if f(x*) > f(z) for every z € D.
e ¥ is a local mazximizer if there is € > 0 with
f(@™) > f(x) for every x € D N B(z*,¢),
and a strict local maximizer if that inequality is strict for every such x # x*.

e z* is interior if £* € int D, meaning that B(z*,e) C D for some ¢ > 0, and a boundary
point if every ball B(z*,e) meets both D and its complement.

Minimizers are defined by reversing every inequality.

Every global maximizer is a local maximizer, since D N B(z*, &) C D; the converse holds
under concavity, as we show in Section 6.3. The interior—boundary distinction determines which
first-order condition applies: at an interior point every small perturbation is feasible, so the
objective can be compared with z* in both directions along every line, while at a boundary
point some directions leave the feasible set and the comparison is one-sided.

Recall the existence result of Lecture 2, which we use without proof.

Theorem 6.1.4 (Weierstrass). If D C R™ is nonempty and compact and f: D — R is contin-
uwous, then f attains both a mazximum and a minimum on D.

In the next example, we first establish existence and then generate candidates.

6.1.2 Existence on an unbounded set
The following condition is sufficient for existence on an unbounded feasible set.

Definition 6.1.5 (Coercivity for maximization). Let D C R"™ be unbounded. A function
f: D — R is coercive for maximization on D if

zp €D, |ag|| 200 = flzx) - —0

for every sequence (zy); equivalently, if for every M € R there is R > 0 such that f(z) < M
whenever z € D and ||z| > R.

Theorem 6.1.6 (Coercive existence). Let D C R™ be nonempty, closed, and unbounded. If
f: D — R is continuous and coercive for maximization, then f attains a mazimum on D.

Proof (optional). Choose any xoy € D. Applying Definition 6.1.5 with M = f(xz¢) gives R > 0,
which we may take larger than ||z¢||, such that

zeD, ||z]| >R = f(z) < f(zo).

Put K = DN {z : ||z[| < R}. It contains zg, so it is nonempty; it is bounded by R; and it
is closed, being the intersection of two closed sets. By the Heine—Borel theorem it is therefore
compact, so Theorem 6.1.4 supplies a maximizer z* of f on K. Any x € D\ K has ||z| > R
and hence f(z) < f(xo) < f(x*), the second inequality because z9 € K. So f(x) < f(z*) for
every x € D, which is Definition 6.1.3. O
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VM eR3IR>0:|z| >R= f(z) <M

f(x)

—-R R

Figure 6.1.1: Coercivity reduces maximization on an unbounded closed feasible set to maximiza-
tion on a compact subset that contains every candidate with value at least f(xz).

Notice the structure of the proof: coercivity allows us to replace the unbounded feasible set
with a compact one that contains a maximizer, and then apply the Weierstrass theorem. Like
compactness, coercivity is sufficient for existence but not necessary.

Example 6.1.7 (Coercivity is not necessary). On D = [0, 00), the function f(z) = ze™ " is not
coercive for maximization, since f(x) — 0 rather than —oo; yet f'(x) = (1 — x)e™? is positive
before 1 and negative after 1, so x = 1 is the unique global maximizer. On D = R, the function
f(x) = arctan x is likewise not coercive, but here there is no maximizer: f increases toward the
supremum 7/2, which it never attains.

6.2 Necessary local conditions

6.2.1 The interior first-order condition

Both first-order conditions below are proved the same way: we restrict f to a line through the
candidate point and apply one-variable arguments to the restriction. We collect the one-variable
facts first.

Lemma 6.2.1 (One-variable optimality). Let 6 > 0 and let g : (=9,0) — R have a local
mazimum at 0.

1. If g is differentiable at 0, then ¢’(0) = 0.
2. If g is twice continuously differentiable, then g”(0) < 0.

Proof. For part (1), take ¢ small enough that g(¢) < g(0). When ¢ > 0, dividing g(¢) — ¢g(0) <0
by t preserves the inequality, so

t) —g(0
9<>t9<>§0 and letting £ | 0, g'(0) < 0.

When t < 0, dividing by t reverses it, so the same quotient is nonnegative and letting ¢ 1 0 gives
g'(0) > 0. The derivative exists, so both one-sided limits equal it, and ¢’(0) = 0.
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For part (2), part (1) gives ¢’(0) = 0. The one-dimensional case of the second-order Taylor
expansion from Lecture 5 gives

O,
t2

(1) — 9(0) = 36" (O)F + (1),

If ¢”(0) > 0, then for every sufficiently small nonzero ¢ the positive quadratic term dominates
the remainder, so g(t) > ¢(0). This contradicts the local maximum. Hence ¢”(0) < 0. O

Theorem 6.2.2 (Interior first-order condition). Let U C R™ be open, let D C U, and let
f U — R be differentiable at x* € int D. If x* is a local maximizer or a local minimizer of f
on D, then V f(z*) =0.

Proof. Fix v € R™ and put g(t) = f(a«*+tv). Since z* € int D, there is € > 0 with B(z*,e) C D
so g is defined for [t| < e/|lv|| when v # 0. If 2* is a local maximizer of f on D, then g(t) < g(0
for all small |¢| by Definition 6.1.3, so 0 is a local maximum of g. By part (1) of Lemma 6.
and the chain rule for a line restriction,

0=4g'(0)=Vf(z") v

This holds for every v € R”; taking v = Vf(x*) gives |[Vf(z*)||*> = 0, so Vf(z*) = 0. For a
local minimizer, apply the same argument to —f. O

(0)
2.1

Definition 6.2.3 (Critical point). A point = at which f is differentiable and Vf(z) =0 is a
critical point, or stationary point, of f.

Theorem 6.2.2 is a necessary condition, not a sufficient one. Its converse fails even at a
differentiable interior point. Moreover, the condition itself fails if we drop interiority, and it
does not apply without differentiability.

Example 6.2.4 (Three counterexamples). 1. Criticality does not imply optimality. The ori-
gin is critical for f(z) = 23 on R by Definition 6.2.3, yet f(t) > 0 > f(—t) for every t > 0,
so it is neither a local maximizer nor a local minimizer.

2. Optimality at a non-interior point does not imply criticality. For f(z) =z on D = [0,1],
the maximizer is #* = 1, which is a boundary point of D, and f/(1) =1 # 0.

3. The condition does not apply without differentiability. The function f(z) = —|z| on R
has a strict global maximizer at 0, an interior point, but is not differentiable there, so
Theorem 6.2.2 does not apply.

6.2.2 Second-order conditions

A critical point can be a local maximizer, a local minimizer, or neither. The Hessian classifies it
whenever the associated quadratic form is definite. The tool is the second-order Taylor expansion
of Lecture 5: if f is C? on an open set containing z*, then

()]
1512

f@*4+h)— f(z*) =V [f(z") -h—i—%hTHf(x*)h—{—r(h), — 0, (6.2.1)

and the second derivative of a line restriction ¢(t) = f(z* + tv) is the quadratic form ¢"(¢) =
vl Hy(z* + tv)v.
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Theorem 6.2.5 (Second-order conditions). Let f be C? on an open set containing *.
1. If x* is a local maximizer, then Hy(x*) is negative semidefinite.
2. If Vf(x*) =0 and H¢(z*) is negative definite, then x* is a strict local mazimizer.

3. If Vf(xz*) =0 and Hy(x*) is indefinite, then x* is a saddle point, which is neither a local
mazximizer nor a local minimizer.

For local minimizers, reverse the signs in the first two statements.

Proof (optional). (1) Necessity. Let v € R™ and put ¢(t) = f(z* + tv), which has a local
maximum at 0. Part (2) of Lemma 6.2.1 and the line-restriction formula give v Hy(z*)v =
¢"(0) < 0. Since v was arbitrary, H¢(z*) is negative semidefinite.

(2) Sufficiency. The function u — u' Hy(z*)u is continuous and the unit sphere {u : |ul| =
1} is nonempty and compact, so Theorem 6.1.4 gives a maximum value —c on it, and ¢ > 0
because negative definiteness makes every such value negative. For h # 0, applying this to
u = h/||h| and multiplying by ||h||* gives

W' Hy(z*)h < —c|[hl|*.

Since |r(h)|/||h]|?> — 0, there is p > 0 with |r(h)| < (c/4)|h||> whenever 0 < ||h| < p. For such
h, (6.2.1) with V f(z*) = 0 gives

N . c c c
Fla +h) = f@) < ~SIA + SRR = =Rl <o,

so x* is a strict local maximizer.

(3) Indefiniteness. Choose v and w with v Hy(z*)v > 0 and w' Hy(z*)w < 0. Because the
gradient vanishes, substituting h = tv into (6.2.1) gives

* * t2 T *
flz® +tv) — f(z*) = Pl Hy¢(z")v 4 r(tv) >0

for every sufficiently small nonzero ¢: after division by #2, the remainder tends to zero while the
quadratic coefficient is positive. The same argument with A = tw makes the difference negative
for every sufficiently small nonzero t. Thus every ball around =* contains points with larger and
smaller values, so z* is neither a local maximizer nor a local minimizer.

The minimum statements follow by applying the above to —f, whose Hessian is —Hy. [

When the Hessian is semidefinite but not definite, neither part (2) nor part (3) applies, and
no conclusion follows. The next example shows that every outcome is possible in that case.

Example 6.2.6 (A semidefinite Hessian is inconclusive). Each of —z?, 24, and 2? has f/(0) =
1"(0) = 0, so their first- and second-order data at the origin are identical. Yet the origin is a
strict maximizer of the first, a strict minimizer of the second, and neither for the third. A zero
Hessian therefore supplies no classification.

In practice, we check definiteness of the Hessian with the tests of Lecture 5 instead of the
definition.

Example 6.2.7 (A saddle point classified). Let f(x1,2z2) = 22 — 22. Then Vf(0) = 0 and
Hy = diag(2, —2), whose eigenvalues 2 and —2 have opposite signs, so the Hessian is indefinite
and part (3) of Theorem 6.2.5 makes the origin neither a local maximizer nor a local minimizer.
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—> T

_ 2

Figure 6.2.1: The graph of f(z1,72) = 22 — 23 near its saddle point at the origin.

6.2.3 Boundary first-order conditions

At a boundary maximizer the gradient need not vanish, as Example 6.2.4 showed. A one-sided
statement remains true, and to state it we first name the directions that stay inside the feasible
set.

Definition 6.2.8 (Feasible direction). Let x € D C R™. A vector v € R" is a feasible direction
from =z if there is § > 0 with

r+tveD for every t € (0,0).

If D is convex, then y — z is a feasible direction from z for every y € D, since Definition 6.2.8
is satisfied with ¢ = 1.

Theorem 6.2.9 (Boundary first-order condition). Let U C R"™ be open, let D C U, and let
f:U = R be differentiable. If * € D is a local mazimizer of f on D, then

Vi) -v<0 for every feasible direction v from z*.
In particular, if D is convex, then
Vi) - (y—z") <0 for every y € D. (6.2.2)

Proof (optional). Fix a feasible direction v and put ¢(t) = f(z* + tv). By Definition 6.2.8, this
restriction is feasible for all small ¢ > 0. Since z* is a local maximizer, g(t) < g(0) for all
sufficiently small ¢t > 0, so the difference quotients satisfy

9(t) —9(0)

" <0 for all small ¢t > 0.

Letting ¢ | 0 and evaluating the derivative of the line restriction by the chain rule,
0>4(0)=Vf(z") v

If D is convex and y € D, then v = y — x* is feasible, which gives (6.2.2). O
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At an interior point the condition collapses back to Theorem 6.2.2: for any v, both y = x*4¢v
and y = x* — ev lie in D for small £ > 0, so (6.2.2) gives Vf(2*)-v <0 and —V f(z*) -v <0,
forcing V f(z*) - v = 0 for every v.

If z* is a boundary local maximizer, then the gradient is allowed to not be zero, and if it’s
not, then it must point out of the feasible set. To see this, note that Vf(z*) - v < 0 means
that the angle between the gradient and any feasible direction v is at least ninety degrees.
That is equivalent to saying that f(z* + tv) < f(2*), meaning that moving in the direction v
decreases the value of f relative to f(x*). That is, at a boundary point, the function is allowed
to increase in some directions (those that point out of the feasible set), but it cannot increase
in any direction that points into the feasible set.

—Vf(x*) < m > Vf(z¥)

f decreases f increases

Figure 6.2.2: Left: the directions in which f increases and decreases relative to f(z*). f cannot
rise if the angle between the gradient and a feasible direction is at least ninety degrees (the red
area). Right: the first-order condition (6.2.2) at a local maximizer z* at the boundary of D.
The gradient points out of D and makes an angle of at least ninety degrees with every feasible
direction v. Moving in a feasible direction therefore cannot increase f.

On a nonnegative orthant the condition becomes one sign restriction and one complemen-
tarity relation per coordinate.

Theorem 6.2.10 (Componentwise form on the orthant). Let U C R™ be open with R} C U,
let f:U — R be differentiable, and let x* € R’.. Then (6.2.2) with D = R’} holds if and only if

of . Of
Proof (optional). Necessity. Taking y = x* + e; € D in (6.2.2) gives 0f /0x;(z*) < 0. If in
addition z} > 0, then y = 2* —z]e; is also in D, and (6.2.2) applied to it gives —x} 0f /0x;(2*) <
0, hence df/0x;(z*) > 0 and therefore = 0. So the product x} 0f/0x;(x*) vanishes whether x}
is zero or positive.
Sufficiency. Let y € D, so y; > 0 for every i. Expanding the inner product and using (6.2.3)
twice,

(*) <0, 2 >0,

3

@)=0 (i=1,...,n). (6.2.3)

n n n
* . of . . Of ( wy of . .
V) (=0t = 3 2= Y ) et = 3 e (@) i <0,
j i=1 " ‘
the second sum vanishing term by term and each remaining term being a product of a nonpositive
number with a nonnegative one. O

The three conditions in (6.2.3) say that increasing any one coordinate cannot raise f to first
order, that feasibility holds, and that a partial derivative can be strictly negative only where
the corresponding coordinate is already zero and cannot be reduced. The last identity is a
complementarity relation; in the parameterized example of Section 6.3.2, it decides between an
interior point and a corner.
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6.3 Global certification

6.3.1 Concavity, globality, and uniqueness

Everything so far has been about local maximizers, and a local maximizer can fail to be a global
one. However, if a function is concave, then every local maximizer is also a global maximizer.

Theorem 6.3.1 (Concave maximization). Let D C R™ be convex and let f : D — R be concave.
1. Every local maximizer of f on D is a global mazximizer.
2. The set X* = argmax,cp f(x) is either empty or convex.
3. If f is strictly concave, then X* contains at most one point.

Proof (optional). Local implies global. Suppose z* is a local maximizer that is not global, so
some y € D has f(y) > f(z*). By Definition 6.1.3 there is ¢ > 0 with f(z*) > f(z) for
every feasible x € B(z*,¢). The points 2y = (1 — t)z* + ty are feasible by convexity of D, and
|z — z*|| = t|ly — 2*|, so & € B(z*,¢) once ¢t is small enough. For such ¢ € (0,1), concavity
gives

flxe) = (L =0)f(z%) +tf(y) > (L= ) f(«") + tf(z7) = f(2),

contradicting local maximality.
Convezity of X*. Suppose X* is nonempty and let xp,x1 € X* have common maximum
value M. For t € [0, 1], the point (1 — t)zo + tz is feasible, and concavity gives

F((1=t)wg +twr) > (1— )M +tM = M.

Since M is the maximum, the value is M and the point lies in X*. So X™* contains the segment
joining any two of its points, and is therefore convex.

Strict-concavity uniqueness. If distinct xz,y € X* had common value M, their midpoint
would be feasible and strict concavity would give

F(55Y) > 5@+ 3w =

contradicting maximality. O

Under concavity, the necessary condition of Theorem 6.2.9 is also sufficient, so a single
first-order check certifies a global maximizer.

Theorem 6.3.2 (First-order characterization). Let D C R™ be convex and let f be differentiable
and concave on an open convex set containing D. A point x* € D is a global mazximizer of f on
D if and only if

Vf*) - (y—2") <0 for every y € D.

Proof. Necessity. A global maximizer is a local maximizer, so Theorem 6.2.9 applies.
Sufficiency. For y € D, the tangent inequality from Lecture 5 at * and then the hypothesis
give

fy) < f@) + V(@) - (y —a") < f(a7),

so z* is a global maximizer by Definition 6.1.3. O
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Part (3) of Theorem 6.3.1 bounds the number of maximizers without producing one. The
function f(x) = —e® is strictly concave on R, and its supremum 0 is approached as x — —o0
but never attained, so the solution set is empty. Existence remains a separate step. However,
if there exists a point satisfying the first-order condition of Theorem 6.3.2, then existence is
guaranteed by Theorem 6.3.2.

6.3.2 A complete parameterized problem

We now apply the three steps, in order, to a parameterized problem.

Example 6.3.3. For 6 € R, consider

max f(x;0), fx;0) =0z — %azQ.

zER L
Find the solution set X*(6) and value V' (0) for every 6.

FEzistence. For fixed 6 the objective is continuous, and D = Ry is nonempty, closed, and
unbounded. Since f(x;0) — —oco as & — o0, the objective is coercive for maximization in the
sense of Definition 6.1.5, so Theorem 6.1.6 gives a maximizer.

Candidates. Here n =1 and

of

%(x; 0) =0 —x.
By Theorem 6.2.10 the condition (6.2.3) reads
0 —x* <0, " >0, (0 —z*) =0.

If * > 0 the last equation forces * = 6, which is admissible only when 6 > 0; if 2* = 0 the first
inequality requires # < 0. Thus exactly one point satisfies the condition: z* = max{6,0}.

Globality and uniqueness. Since 0?f/0x% = —1 < 0, the function is strictly concave on the
convex set Ry. The first-order condition is therefore sufficient by Theorem 6.3.2, and uniqueness
follows from part (3) of Theorem 6.3.1. Hence

(0) = {max{0,0}}, (6) = 162, 6>o0.

The two regimes are the two ways (6.2.3) can hold: at 6 < 0 the solution is the corner 0, whereas
at # > 0 it is the interior point 6.
Removing the quadratic term separates the roles of concavity, strict concavity, and coercivity.

Example 6.3.4 (Removing the curvature). For 8 > 0, let f5(z;0) = 0z —(3/2)z* on R.. When
B > 0, the argument above gives the unique maximizer 372‘3(9) = max{60/3,0}. When = 0, the
objective is the affine function fx, and the three regimes are

X*(0)={0} ifo <O, X*(0)=R4 if 0 =0, X*(0) =10 if 6 > 0.
At 0 = 0, existence holds but uniqueness fails because the objective is no longer strictly concave.
At 0 > 0, existence fails because the affine objective is unbounded above.

Example 6.3.5 (A non-concave problem in R?). Find the solution set X* and value V of

max{—aciL — x5+ 42t + 2x%}
zER?

Example 6.3.6 (A concave problem in R?). Find the solution set X* and value V of

max{?)ml + 3x9 — x% — x1T9 — x%}
rER2
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6.3.3 A workflow

The steps below summarize the workflow for solving a parameterized maximization problem.

1.

2.

Specify the objective, its domain, the feasible set, and the parameter, as in Definition 6.1.1.

Establish existence, by compactness (Theorem 6.1.4), coercivity (Theorem 6.1.6), or a
direct argument.

. Generate every candidate: interior critical points (Theorem 6.2.2), boundary points sat-

isfying the feasible-direction condition of Theorem 6.2.9, and points where f fails to be
differentiable, where no first-order condition applies.

. Classify interior candidates locally with Theorem 6.2.5 when the classification is needed

and the Hessian is definite or indefinite. Discard the minimizers and saddle points, and
keep the local maximizers and the inconclusive points.

. Certify globality, either by concavity (Theorem 6.3.1 and Theorem 6.3.2) or by comparing

the values of f across all remaining candidate points. If f is concave, then any critical
point in D is a global maximizer, and under strict concavity the unique one.

. Report X*(6) and V().



Lecture 7

Constrained Optimization

7.1 Overview: constraints, tangent directions, and multipliers

Lecture 6 solved an optimization problem in three separate steps: establish that a solution exists,
generate candidates from first-order conditions, and certify a candidate as global, by concavity
or by comparing values. Its first-order condition at a boundary point was one-sided: at a local
maximizer z*,

Vi) -v<0 for every feasible direction v from z*, (7.1.1)

where v is a feasible direction if the segment x* + tv stays in the feasible set for all small ¢ > 0.

In economic problems the feasible set is typically described by equations and inequalities.
For example, in a consumer problem, the budget constraint p -z < m is a linear inequality. In
a planner’s problem, the requirement x; 4+ x2 = m that a resource be split between two uses is
a linear equality. In a producer’s problem, the technology constraint ¢ = F(z), linking output ¢
to inputs z, is a nonlinear equality whenever the production function F' is nonlinear.

Depending on the shape of the feasible set, the condition (7.1.1) may be vacuous, i.e., it may
rule out nothing. Suppose first that there is just one equality constraint h(xz) = 0. If h is affine,
as in the planner’s problem, the feasible set is a line: segments along the line stay in the set,
so nonzero feasible directions exist and (7.1.1) is not vacuous (Figure 7.1.1, left). If instead the
feasible set is curved, such as the circle {x € R? : 23 + 23 = 2}, it contains no segments: every
straight move away from a point of the circle leaves the circle. The only feasible direction is then
v =0, so (7.1.1) holds at every point of the circle and rules out nothing (Figure 7.1.1, right).

74
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r* e

h(z)=0

Figure 7.1.1: Feasible movement under an equality constraint. Left: an affine constraint. The
feasible set is the line h(z) = 0 with h(x) = m — x; — x9; the two blue arrows from x* are
feasible directions, since segments along the line stay in the set. Right: a curved constraint.
The feasible set is the circle h(x) = 0 with h(z) = 2 — 23 — x3; every straight move from z*
leaves the circle. The feasible movement is the curve v, which bends with the circle; the green
vector v is its velocity at x*, tangent to the circle (the dashed tangent line).

For a curved feasible set, directions of movement come from curves rather than segments.
A feasible movement through z* is a curve (t) that stays in the feasible set, with v(0) = x™:
think of v(t) as the position of a moving point at time ¢. Its velocity v = /(0) is the vector of
the instantaneous rates of change of its coordinates — the direction in which the moving point
passes through x*. The path bends with the set, but the velocity is an ordinary vector: on the
circle it is tangent to the circle, and on the line the curve can be the line itself, whose velocity
is one of the old feasible directions.

At points satisfying a regularity condition (LICQ), these velocities — the tangent directions
— are exactly the vectors orthogonal to every constraint gradient Vh;(z*), and the first-order
condition becomes

V() +piVhi(z®) + -+ ppVhg(z®) =0

for some coefficients 7, which are the Lagrange multipliers. The function L(z, u) = f(x)+p-h(x)
is the Lagrangian; its critical points are precisely the pairs (x,u) that satisfy this equation
together with h(z) = 0.

Section 7.3 then adds inequality constraints, written g;(x) > 0. At a candidate z*, a con-
straint is active if g;(z*) = 0 and slack if g;(x*) > 0; a slack constraint does not restrict small
movements, so it drops out of the first-order condition. Stationarity, feasibility, nonnegative
multipliers on the inequalities, and the rule that each multiplier or its constraint is zero (com-
plementary slackness) together form the Karush-Kuhn—Tucker (KKT) conditions.

Section 7.4 then provides the global certification, specialized to the cases of Sections 7.2
and 7.3. As in Lecture 6, existence must be shown separately, using Weierstrass, coercivity, or
a direct argument.

7.2 Equality constraints and the Lagrangian

7.2.1 Tangent directions and constraint normals

Let U C R™ be open, let f: U — R and h: U — R* be C', and consider

max f(x) subject to h(z) = 0.
xre
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Here, the feasible set {x € U : h(z) = 0} is described by a system of k equations. When one of
these equations is nonlinear, the feasible set may be curved. We thus work with feasible curves
and their velocities.

We call v a feasible curve through z* if ~ is differentiable, v(0) = x*, and h(~y(t)) = 0 for
all ¢ near 0. Its velocity at z* is v = 7/(0). Such a velocity is called a tangent direction to the
constraint set at z*.

Lemma 7.2.1 (Tangent directions lie in the null space). Let v be a feasible curve through x*
with velocity v. Then
Dh(z*)v = 0.

Proof. h(v(t)) = 0 for all t near 0, and differentiating using the chain rule from Lecture 4 gives
Dh(y(t)~'(t)=0 att=0, so Dh(z*)v=0.
O

Every tangent direction thus lies in the null space N(Dh(z*)) from Lecture 3. Row by row,
the display says
Vhj(z*)-v=0 for each j.

In other words, each constraint gradient is orthogonal (perpendicular) to every tangent direction.
A vector perpendicular to the tangent directions is called a normal to the constraint set. Thus
the constraint gradients are normals to the constraint set.

v=7/(0)

Vh(z*)
h(z) =0

Figure 7.2.1: The local geometry at z* for one constraint (k = 1). The feasible curve v stays on
the constraint set. Its velocity v = 4/(0) is tangent to the constraint set, while Vh(z*) is normal
to it; hence Vh(z*) - v = 0. The dashed lines are the tangent and normal lines at x*.

The converse is generally not true. That is, if Dh(z*) v = 0 for some vector v, there may be
no feasible curve through x* with velocity v. For example, if h(x) = 22, then the feasible set is
the single point {0}, so the only feasible velocity at 0 is 0. Yet, the null space of h'(0) = 0 is all
of R, so any vector v € R satisfies Dh(0) v = 0.

The following condition ensures that all vectors in the null space of Dh(z*) are velocities of
feasible curves through x*.

Definition 7.2.2 (LICQ for equality constraints). The linear independence constraint qualifi-
cation holds at a feasible point z* if the constraint gradients Vhi(z*), ..., Vhg(z*) are linearly
independent; equivalently, if rank Dh(z*) = k.
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Remark 7.2.3 (How many constraints?). The number k of equations need not equal the number
of independent restrictions they place near x*; that number is r = rank Dh(z*). When the
constraints have a locally equivalent description by r independent equations, the feasible set is
locally a surface of dimension n — r. Thus r < n leaves feasible movement, while r = n makes
the feasible point locally isolated. LICQ says r = k, so it requires & < n: more than n vectors
in R™ cannot be linearly independent. When k£ > n, no description with that many equations
satisfies LICQ; when possible, re-describe the same feasible set by independent equations, and
otherwise analyze it directly.

Lemma 7.2.4 (Tangent directions under LICQ). Let h be C' and let LICQ hold at the feasible
point x*. If Dh(x*)v = 0, then v is the velocity of a differentiable feasible curve through x*.

Intuitively, if a vector v is orthogonal to the constraint normals, then it is tangent to the
constraint set, and a curve can be drawn along the constraint set in the direction of v. LICQ
thus ensures that the constraints form a smooth surface locally around z*, so that every vector
of the null space is realized as the velocity of a feasible curve.

Combining Lemmas 7.2.1 and 7.2.4, we conclude that under LICQ, the set of feasible veloc-
ities at z* is exactly N(Dh(z*)).

7.2.2 First-order conditions and the Lagrangian

Now suppose z* is a local maximizer at which LICQ holds. For any feasible curve through x*,
the restriction ¢ — f(7(t)) has a local maximum at the interior point ¢ = 0, so its derivative at
t = 0 is zero. Chain rule and Lemma 7.2.4 thus yield

Vi) -v=0 for every v € N(Dh(z")).

This is the equality-constraint analogue of (7.1.1). It holds with equality because both directions
along the constraint set are available: if v is a tangent direction, then so is —v, the velocity of
the reversed curve y(—t). Simply put, the gradient of the objective f must be orthogonal to
every tangent direction v, or else moving along a feasible curve in one of the directions v and
—v would increase f. Under LICQ, the tangent directions are exactly the vectors orthogonal to
the constraint gradients.! Since V f(x*) is orthogonal to every tangent direction, it must be a
linear combination of the constraint gradients; that is, there are coefficients p7, ..., p; such that

V(@) + @i Vh (@) + - + 1 Vhe(z*) = 0.

These coefficients are called the Lagrange multipliers. The first-order condition is summarized
by the following theorem.

Theorem 7.2.5 (Lagrange multiplier theorem). Let f and h be C*, let * be a local extremum
(mazimizer or minimizer) of f subject to h(x) = 0, and let LICQ hold at x*. Then there is a
unique vector p* € R¥ such that

Vf(x*) 4+ Dh(z*) T p* = 0.

!The row interpretation of the null space from Lecture 3 says that Av = 0 if and only if v is orthogonal to
every row of A. We also use the following row-space/null-space fact without proof: every vector orthogonal to
all of N(A) is a linear combination of the rows of A. For A = Dh(z"), those rows are the transposed constraint
gradients.
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Proof (optional, using Lecture 8’s implicit function theorem). Stack the objective gradient on
top of the constraint gradients:

V)T

Vhl(.l‘*)T

M =

th ($*)T

Suppose, for contradiction, that rank M = k + 1. Then some k£ 4+ 1 columns of M form an
invertible matrix. Hold the remaining coordinates fixed at their x*-values and apply the implicit
function theorem to the selected coordinates in the system

f(z) = co, h(zx) = c.

It follows that every right-hand side (¢, ¢) sufficiently close to (f(x*),0) has a solution near x*.
In particular, take ¢ = 0 and ¢y = f(z*) + . If 2* is a local maximizer, choose € > 0; if it is a
local minimizer, choose € < 0. Either choice produces a nearby feasible point that contradicts
the optimality of x*. Therefore, rank M < k.

By LICQ, the k constraint gradients are linearly independent. Since adding V f(z*) does
not increase their rank, V f(z*) must be a linear combination of them. Thus there is a vector
uw* € RF such that

Vf(z*) +Dh(z*) " pu* = 0.

Finally, if both p* and ji satisfy this equation, then Dh(z*)T (u* — i) = 0. LICQ makes the
constraint gradients linearly independent, so pu* = fi. O

As in Lecture 6, the theorem gives only a necessary condition for a local extremum. Note
that the Lagrange multipliers are not restricted in sign, i.e., they can be positive or negative.
For a fixed objective, constraint description, and candidate z*, LICQ makes the multiplier
vector unique. Rescaling or rewriting a constraint (e.g., multiplying both sides by 2) changes
its multiplier. Finally, the theorem does not guarantee that an optimizer exists; existence must
be established separately.

LICQ cannot be dropped from Theorem 7.2.5, and all points in the feasible set that do not
satisfy LICQ must be treated separately.

Example 7.2.6 (A singular description loses the multiplier). Consider max,cg x subject to
h(z) = 22 = 0. We have f'(z) = 1 and h'(z) = 2z. If we were to apply the Lagrange multiplier
theorem, we would get 1 + 2z = 0. However, the feasible set is the single point {0}, meaning
that z* = 0 is the global maximizer. Clearly, at z* = 0 there does not exist a p that satisfies
the multiplier condition 1 + 2z*u = 0.

The Lagrange multiplier condition and the feasibility requirement h(z) = 0 form a system of
n+k equations in the n+k unknowns (z, ). These equations can be written as the critical-point
conditions of a single function of n + k variables, the Lagrangian.

Definition 7.2.7 (Lagrangian). The Lagrangian of the problem max f(z) subject to h(z) =0
is the function of x and p given by

L(z, p) = f(x) + p- h(x).
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Its partial gradients are:
Vol(z,p) = Vf(z)+Dh(z) 'p,  VuL(z,p) = h().

Consequently, the critical points of L are exactly the pairs (x,u) that satisfy the first-order
condition and the feasibility requirement. Note also that the Lagrangian is not being maximized:
a constrained maximizer is a critical point of L( -, u*), and can thus be a maximum, a minimum,
or a saddle point of the Lagrangian.

Example 7.2.8 (Solving directly and with a Lagrangian). Consider max x1xo subject to x1 +
To = 2.
Direct solution. The constraint gives xo = 2 — 1, so the problem reduces to

2—1) = 1—(z1—1)%].
nex =) =pglt -l =1
The unique global maximizer is 27 = 1, and the constraint then gives 5 = 1. Thus z* = (1, 1)

Lagrangian solution. Write the constraint as h(z) = 2 — 21 — x2 = 0. Since Vh(x)
(—1,-1)T # 0, LICQ holds. The Lagrangian is

T

L(xz,p) = x1m9 + p (2 — 21 — x2),

so every constrained optimum must be among the solutions to

oL _ o —o 9L _ ., _o 9
8$1_2 w ="y, = 41 w ="y, 8/1/

=2—x1—22=0.
8%‘2 e 2

The first two equations give 1 = xo = p. Substituting into the third gives pu* = 1 and hence
x* = (1, 1)T, the same point found above. The direct solution established that this point is the
global maximizer; the Lagrangian equations by themselves identified it only as a candidate.

In particular, we did not maximize the Lagrangian. As a function of x with u = p* fixed,

L(z,p*) = zix9 +2 — 21 — 29 has Hessian (? (1]> ,

whose characteristic equation A\? — 1 = 0 gives eigenvalues 1 and —1. The Hessian is indefinite,
so by the second-order classification of Lecture 6 the point z* is a saddle point of L( -, u*). On
the feasible set, h(z) = 0 makes L(x,u*) = f(z), so 2* does maximize the Lagrangian among
feasible points. The Lagrangian collects the first-order conditions of the constrained problem:;
it does not turn the problem into an unconstrained maximization of L.

7.3 Inequalities and the KKT conditions

7.3.1 Standard form and active sets

We fix one convention for inequality constraints. Every inequality is written as

so a(z) < b becomes b — a(z) > 0.
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The optimization problem is

max f(x) subject to h(z) =0, g¢g(z)>0,
fAS

where h : U — R¥ and g : U — R¢. Its Lagrangian is

The requirement A > 0 is forced by the convention g > 0, and the one-dimensional calculation
after Theorem 7.3.2 shows why.
For inequality constraints, we will use the following classification.

Definition 7.3.1 (Active and slack constraints, mixed LICQ). At a feasible point z, the active
set is

I(x) = {i: gi(x) = 0},
and a constraint with g;(z) > 0 is slack. LICQ holds at z for the mixed problem if the vectors
{Vhj(z):j=1,...,k}U{Vygi(z) : i € I(x)}
are linearly independent.

A slack constraint stays satisfied throughout a neighborhood of x (by continuity of g¢;),
so it places no restriction on local movement and its gradient does not enter the constraint
qualification.

7.3.2 The KKT theorem

Theorem 7.3.2 (Karush-Kuhn-Tucker). Let f, h, and g be C', let x* be a local mazimizer
subject to h(xz) = 0 and g(x) > 0, and let LICQ hold at 2*. Then there are i* € RF and \* € R
such that

Vf(z*) +Dh(z*) " p* + Dg(z*)TA* =0 (stationarity)
h(z*) =0, g(z*) >0 (feasibility)
AT >0 (multiplier signs)

Afgi(z*)=0 (i=1,...,0) (complementary slackness)

We use this result without proof.

Complementary slackness forces A = 0 whenever g;(z*) > 0, and permits A} > 0 only where
gi(x*) = 0: slack constraints have zero multipliers. The converse implication fails: an active
constraint can also have a zero multiplier (as in Example 7.3.3 below).

The sign restriction A > 0 can be read off a one-dimensional picture. Suppose n = ¢ = 1, the
constraint g(z*) = 0 is active, and ¢'(z*) > 0, so g(z* +t) > 0 for every small ¢ > 0 and v =1
is a feasible direction. If z* is a local maximizer, the objective cannot increase into the feasible
side, which is (7.1.1) with v = 1: f’(z*) < 0. Stationarity reads f’(z*)+ \*¢'(2*) =0, so

/ *
g'(x*) ~
With the constraint written as g < 0 instead, the same calculation would produce the opposite
sign, so the convention must be fixed once and recorded.




LECTURE 7: CONSTRAINED OPTIMIZATION 81

Like every first-order condition in this course, the KKT conditions generate candidates but
do not certify them. On max,>( 3, the point * = 0 with \* = 0 satisfies every condition of
Theorem 7.3.2, yet 0 is not even a local maximizer, since 23 > 0 for every z > 0. Existence and
certification remain separate steps, and here existence in fact fails.

7.3.3 Active-set reasoning in a capacity problem

With ¢ inequalities, the practical method is to reason/guess about which constraints bind. Each
guess of an active set of constraints turns the KKT conditions into equalities that can be solved.
The remaining KKT conditions — feasibility and multiplier signs — then confirm that the guess
is a solution, or reject it.

Example 7.3.3 (KKT by guess-and-verify). Let a > 0 and K > 0, and consider

max aq — %qQ subject to q>0, K—-—q2>0.
q

The feasible set [0, K] is nonempty and compact and the objective is continuous, so a maximizer
exists by Weierstrass. With g;(q) = q and ¢2(q) = K — ¢, the Lagrangian is

L(g,\) = ag — 3¢° + Mg + X (K — q),
and the KKT conditions are
a—q+A —A=0, 0<¢<K, A1, A2 >0, AMg=0, X(K-q)=
There are four cases to check.

1. A1 = X2 = 0. Then stationarity gives ¢ = a. To satisfy the second constraint, we must
have K —¢>0 < K > a.

2. \1 =0, K — ¢ = 0. Then stationarity gives Ao = a — K, and A9 > 0 is satisfied if and only
if K <a.

3. X2 =0, ¢ = 0. Then stationarity gives \;y = —a < 0, which violates the sign restriction;
this guess is rejected for every a > 0.

4. A, Ao > 0. This case is impossible because we cannot have ¢ = 0 and ¢ = K for K > 0.

The solution is thus
q*(a, K) = min{a, K}, A5(a, K) = max{a — K, 0}.

Note that when a = K, the solution is ¢* = K and the multiplier is AJ = 0, meaning that the
capacity constraint is active and the multiplier is zero.

To certify that ¢* is a global maximizer, observe that the objective can be rewritten as
follows:

ag — 5¢* = —5(¢ — a)* + 3a°,

which shows that the objective is maximized by the point ¢* that minimizes (¢ — a)?, i.e., the
point closest to a. Since the point of [0, K] closest to a is min{a, K} = ¢*, it is indeed a global
maximizer.
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7.4 Global certification

7.4.1 Concave programs

In Lecture 6, if the objective function f is concave on a convex set, then the first-order condition
is sufficient for a global maximum. The same logic extends to the following class of constrained
problems.

Definition 7.4.1 (Concave program). Let U C R™ be convex. The problem

max f(x) subject to h(z) =0, g¢g(x)>0,
Te

is a concave program if f and every g; are concave on U and h is affine.

The sufficiency proof again relies on the tangent inequality from Lecture 5, f(y) < f(x) +
Vi) (y— ).

Theorem 7.4.2 (Sufficiency in a concave program). Consider a concave program on an open
convex set U, and suppose that f and every g; are differentiable. If a feasible x* and multipliers
(u*, X\*) satisfy the KKT conditions of Theorem 7.3.2, then x* is a global maximizer.

Proof (optional). Let y be feasible and put v =y — z*. Concavity of f gives
fy) = f@") < Vf@") v,
and stationarity rewrites the right-hand side as
Vf(x*) -v=—u"-Dh(z")v — A" - Dg(z")v.

Because h is affine and both points are feasible, h(y) — h(z*) = Dh(z*)v = 0, so the p* term
vanishes. For each i, concavity of g; gives Vg;(z*) - v > ¢;(y) — gi(z*), and since A* > 0,

=X Dy ) < =X (g(y) — g(z*)) = A" - g(z*) = A" - g(y) <0,

where the final step uses complementary slackness, A*-g(z*) = 0, and then A* > 0 with g(y) > 0.
Chaining the displays gives f(y) < f(z*). O

Recall from Lecture 6 that the set of maximizers of a strictly concave function on a convex set
contains at most one point (see Theorem 3.1, part 3 in Lecture 6). The constraints of a concave
program define a convex feasible set (possibly empty): it is the intersection of superlevel sets of
concave functions and an affine equality set, each convex (see Lecture 5). Thus, if f is strictly
concave, the program has at most one maximizer.

The following condition requires the set of strictly feasible points (points that satisfy the
equality constraints and satisfy every inequality strictly) to be nonempty. In a concave program,
it makes the KKT conditions necessary; they are already sufficient by Theorem 7.4.2.

Definition 7.4.3 (Slater’s condition). A concave program with affine equalities satisfies Slater’s
condition if there is z € U with

h(z) =0 and gi(z) >0 for every i.
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Theorem 7.4.4 (Necessity under Slater’s condition). Consider a concave program on an open
conver set U, and suppose that f and every g; are differentiable. If Slater’s condition holds,
then every global mazimizer satisfies the KKT conditions with some multipliers (p*, A*).

Slater and LICQ are both constraint qualifications, but they are different: LICQ is local
and point-specific, while Slater is global and specific to concave programs. However, both are
sufficient to guarantee the existence of Lagrange multipliers.

Here is another example of what goes wrong when a constraint qualification fails.

Example 7.4.5 (A concave program with no multipliers). Consider

max T subject to g(z)=21>0, go(z)=—21 —22>0.
(x1,22)ER?

This is a concave program: the objective and gy are affine, and g» is concave. Feasibility requires
0 < z1 < —22 <0, so the feasible set is {(0,0)} and z* = (0, 0) is the global maximizer. Slater’s
condition fails because g;(x) > 0 requires z1 > 0, whereas g2(z) > 0 requires r1 < —z3 < 0.

At x*, stationarity would require

Qo4 () on ()

which is impossible for any multipliers because the second component is always 1. Thus the
global maximizer has no KKT multipliers. Yet, the global maximizer exists and is unique — it
is the only feasible point (0, 0).

7.4.2 Second-order conditions on the tangent space

For equality-constrained problems there is also a second-order local test. The relevant matrix
is the Hessian of the Lagrangian, not of the objective: curvature only matters along the tan-
gent directions, and along those directions both the objective and the constraints curve. The
multiplier terms in L account for the curvature of the constraints.

Theorem 7.4.6 (Second-order conditions on the tangent space). Let f and h be C2, let x* be
feasible with LICQ, and let u* satisfy the stationarity condition from the Lagrange multiplier
Theorem 7.2.5:

Vf(z*) +Dh(z*) " p* = 0.

Write i
T =N(Dh(z*)),  H=H(a*)+> piHy (z%),
j=1

so H is the Hessian of L(-,u*) at x*.
1. If z* is a local constrained mazimizer, then v' Hv < 0 for every v € T.
2. If vT Hv < 0 for every nonzero v € T, then x* is a strict local constrained mazimizer.

Example 7.4.7 (Classifying two candidates on a circle). Consider max x; + x2 subject to
h(r) =2—2? —23=0.
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Candidates. Since Vh(z) = (—2x1,—2x2)" # 0 at every point of the circle, LICQ holds at

every feasible point. The stationarity system of L = a1 + 29 + u(2 — 23 — w%) is

1—2ux1 =0, 1—-2uxs =0, 33%"'95%:27

with the two solutions (z*, u*) = ((1, nr, %) and ((—17 -7, —%)
Classification. The objective is linear, so H; = 0 and the curvature comes entirely from the
constraint:
H=y"Hy, = —2u*1I,

which is —I at the first candidate and I at the second. Both tangent spaces are T = {v :
vy + v = 0}. On T, the first candidate has v' (—I)v = —||v||?> < 0 for v # 0, a strict local
maximum, and the second has v'Iv > 0, a strict local minimum. The Hessian of the objective
alone is zero at both points, so it cannot distinguish them; the classification comes from the
constraint curvature term p*Hjy,.

Certification. The circle is compact, so Weierstrass gives a global maximizer and a global min-
imizer, and by Theorem 7.2.5 both are among the two candidates. Comparing values, f(1,1) =2
and f(—1,—1) = —2, so the local classification is also the global one.

There is also a second-order local test for inequality constraints, but it goes beyond the scope
of this course due to the fact that the relevant set of directions is a cone rather than a subspace.



Lecture 8

Comparative Statics, Envelopes, and
Fixed Points

Lectures 6 and 7 solve one optimization problem at a time. Economics rarely stops there: the
interesting question is usually how the solution and its value respond when a parameter moves.
What does a tax do to the equilibrium price? What does an extra unit of capacity add to
profit? The solved problem almost never has a closed form, so the answers must be read from
the equations that characterize the solution. This method is called comparative statics. The
main tool of comparative statics is the implicit function theorem, which differentiates through a
system of equations.

8.1 The implicit function theorem

8.1.1 Scalar implicit differentiation

Let F: U — R be C! on an open set U C R?, with the arguments written F(x;60): an equation
in the endogenous variable z, indexed by the parameter . Suppose a differentiable function
x(0) solves the equation identically,

F(z(0);0) =0,

on some interval of parameters. Such a function is a solution branch of the equation. Differen-
tiating the identity using the chain rule from Lecture 4, we get

Fo(2(0);0) 2'(0) + Fy(x(0);6) =0,

and at any point where F, # 0,
x/(e) _ _Fg(l‘(&); «9) ‘
Fy (2(6):0)
The calculation is conditional: if a differentiable solution branch runs through the point, its
slope is determined by the equation above.

8.1.2 The system theorem

The same logic runs for systems. Let X C R™ and © C R" be open, and let F': X x @ — R"
collect n equations in the n endogenous variables x, with r parameters #. The scalar condition
F, # 0 becomes invertibility of the endogenous Jacobian.

85
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Theorem 8.1.1 (Implicit function theorem). Let F be C1, let F(2";0°) = 0, and let D, F(2°; 6°)
be invertible. Then there are neighborhoods U of 0° and V of 2° and a unique C' function
x:U —V such that

z(0°) = 2° and F(SE(Q); 0) =0 for every0ecl,

and for each 6 € U the point x(0) is the only solution of F(x;0) = 0 in V. The derivative
satisfies
D, F (2(6);6) Dgz(8) = —DgF (z(6);6). (8.1.1)

We use the system statement without proof; the scalar case can be proved with the tools of
Lectures 2 and 4.

Proof (optional, for one equation and one parameter). The two signs are symmetric, so suppose
Fp(2°;6°) > 0. Since F, is continuous, there is a rectangle [#° — §, 20 + 6] x [0 — n,0° + 1] on
which F, > 0, so on this rectangle F is strictly increasing in 2 for each fixed 6. Since F|(-;6°)
increases through its zero at z,

F(2®+6;0% >0 and F(z®—0;0% <o0.

Both signs survive small moves of the parameter: F' is continuous in 6, so there is € € (0,7)
such that F(2° 4+ 6;6) > 0 and F(2° — §;6) < 0 for every 0 within ¢ of §°. For each such 0,
the Theorem 2.3.7 from Lecture 2 gives a solution z(#) € (z° — §,2° + §) of F(x;0) = 0, and
strict monotonicity in & makes it the only one in the interval: this is the branch. Repeating the
argument with a smaller § traps the branch in a smaller rectangle, so z(0) — z° as § — 6°: the
branch is continuous. We take the differentiability of the branch without proof; its derivative is
then the chain-rule formula of Section 8.1.1. O

Everything in the theorem is local: invertibility at one solution gives a branch near that
solution and carries no information about solutions elsewhere. Equation (8.1.1) is the scalar
calculation written with matrices: differentiate the identity F'(z(6);6) = 0 by the chain rule and
solve. For each of the r parameters, the corresponding column of Dgz solves one linear system
with the same coefficient matrix D, F', as in Lecture 3; in practice, the matrix is inverted once,
or each system is solved directly.

Example 8.1.2 (Incidence of a per-unit tax). Fix demand and supply primitives a,c € R and
b,s > 0. The parameter is the per-unit tax t. The endogenous variables are the producer price
p and quantity ¢; consumers pay p + t. Demand and supply are

g=a—b(p+1), q=c+sp.

At a reference tax 9, suppose an equilibrium 2° = (p?, qo)T exists. How do the local equilibrium
price p(t), quantity ¢(t), and consumer price p(t) + ¢ respond to the tax?

Solution. With endogenous vector = (p,q) ", equilibrium is the system
N (a—a+b(p+t)\ (b 1
F(paqat)_< g—c—sp =0, D(p,q)F_ —s 1/’

with det D(, yF" = b+ s > 0, so Theorem 8.1.1 applies at any equilibrium: the equilibrium
price and quantity are differentiable functions of the tax. Differentiating with respect to ¢ as in

(8.1.1),
b 1 Pt . —b — _ b _ bS
-s 1) \q¢) \O o=y T Ty
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The consumer price moves by

d(p+1t)

=1 =
a + Pt

0,1).
b—l—se(’)

The tax splits between the two sides of the market in proportion to the slopes: the producer
price falls by b/(b+ s) of the tax, the consumer price rises by the complementary share s/(b+s),
and quantity falls. Note that we never computed the equilibrium.

8.2 Comparative statics of optimizers and values

8.2.1 Optimizing systems

When the equations being differentiated are optimality conditions, the implicit function theorem
turns into the comparative statics of choice. Let f: X x© — R be C? with X C R" and © C R”
open. At a parameter 9, suppose 2° is a critical point satisfying Lecture 6’s first-order condition,

Vo f(z%6°%) =o.
This is a system F'(z;0) = V,f(z;60), and its endogenous Jacobian is the Hessian:
D, F(x;0) = Hy(x;0).
If the Hessian is invertible at (2°;6°), Theorem 8.1.1 yields a C! branch of critical points with
Hy(z(0);6) Dgz(0) = =Dy Vo f (z(6);6).

For constrained problems, we differentiate the Lagrange system. For max, f(x;#) subject to
h(z;0) = 0, Lecture 7’s Lagrangian L(x, ;0) = f(x;6) + p - h(x; 0) produces the system

in the stacked endogenous vector (z, ut). Its endogenous Jacobian is written in blocks, each block
a matrix whose dimensions are read off the grouping of equations and variables:

O (Huwm6) Dub(wo)T
@™ =\ Dyh(;6) 0 ’

where Hj, is the Hessian of L in z alone. When this matrix is invertible at a stationary feasible
pair, the implicit function theorem gives a differentiable branch (x(6), 1(#)) of such pairs. Once
the branch is established to consist of optimizers and their multipliers, we write it (z*(6), u*(0)).

Inequality constraints use the same technique. On a parameter region where the same
constraints bind and every slack constraint stays slack, the binding constraints can be carried
as equalities and everything above applies; the derivatives are valid strictly within that region,
and Section 8.2.5 discusses what happens at its boundary.
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8.2.2 Envelope theorems

So far we differentiated a critical point of an optimization problem. The second object of
comparative statics is the optimized value

whose derivative is even simpler.
Theorem 8.2.1 (Envelope theorems). Assume the functions appearing below are C' in (x,0).

1. If x*(0) is a differentiable branch of interior optimizers, so that Vg f(x*(0);0) =0, then

DyV (0) = Do f (x*(6);6).

2. If *(0) is a differentiable branch of optimizers and p*(0) is its differentiable multiplier
branch satisfying Lecture 7’s stationarity and feasibility conditions, V,L(x*(0), u*(6);0) =
0 and h(x*(0);6) = 0, then

DoV (0) = DpL(z*(0), u*(0);0) = Do f + p*(6) "' Dgh,
with every derivative on the right taken in 0 alone and evaluated along the branch.

3. For a problem with equalities h(x;0) = 0 and inequalities g(x;0) > 0, suppose x*(0)
is a differentiable branch of optimizers, u*(0) and \*(0) are its differentiable multiplier
branches satisfying the KKT conditions, and the active set is constant near the parameter
under consideration. Then

DgV (6) = DoL(*(0), " (6), \*(0); ) = Dy f + u*(6) "Dgh + X*(6) ' Dyg.

Proof. For the interior case, the chain rule gives
DoV = V. f " Dgz* + Do/,

and the first term vanishes by stationarity. For the constrained case, the same chain rule step
and stationarity V,f' = —(u*) 'D,h give

DgV =Dyf + Vaf ' Dgz* =Dy f — (u*) ' Dyh Doa*.

Differentiating the feasibility identity h(xz*(6);0) = 0 gives D,h Dgz* = —Dyh, and substituting
finishes the proof of part 2.

For part 3, let I be the active set, which is constant by hypothesis. The equations h = 0
and g7 = 0 form one equality system, so part 2 applies with multipliers (u*, A7). Every inactive
multiplier is zero by complementary slackness. Adding those zero terms gives the displayed
formula with the full vectors A\* and g. O

Notice that Dyz* does not appear on any right-hand side. To first order, the response of the
choice does not affect the value, because the first-order condition makes the objective flat in the
choice direction; only the direct effect of the parameter remains.
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Example 8.2.2 (The envelope formula on the quadratic family). For each parameter 6 € R,
the scalar choice variable x solves

max fx — %xQ.

x>0

The optimizer and value, respectively, are known to be x*(#) = max{6,0} and

12 g
v =20 0=0
0, o<

(see Example 6.3.3 in Lecture 6). What does the envelope theorem give for V/(#) on the interior
and corner regimes, and does it agree with the known value function?

Solution.
On the interior regime 6 > 0, part 1 of Theorem 8.2.1 predicts
Vi) = 2 (Hx - lx2) = 2*(0) = ¢
00 2 z=x*(0) ’

and differentiating %92 directly confirms it. On the corner regime 6 < 0, write the constraint as
g(z) = z > 0. The active set is constant, z* = 0, and part 3 gives V/(0) = 9f/060 = z*(0) = 0,
again matching the derivative of the constant value.

8.2.3 Interpretation of Lagrange multipliers

Lecture 7 introduced a Lagrange multiplier as an additional unknown in the first-order condi-
tions. We can now interpret that unknown. Start with the equality-constrained problem

max f(x) subject to r(z) =b.

Here x is the vector of choice variables, f and r are fixed primitives, and b is the constraint’s
right-hand side. Depending on the application, b could be a budget, capacity, time limit, or
available material. Changing b shifts the constraint and therefore changes the best attainable
value.

Using the course’s sign convention, write the constraint and Lagrangian as

h(z;b) =b—r(z) =0, L(z, p;0) = f(x) + ph(z;b).
Let
V(b) = f(a"(b))

be the optimized value. Suppose the optimizer z*(b) and its multiplier x*(b) form differentiable
local branches. The equality-constrained envelope formula, restated for this problem, is

V() = T8 (2 (6), 1 (B):D) = i (8).

The last equality follows immediately from the Lagrangian: b enters L with coefficient p. Thus
the multiplier is the shadow price of the constraint’s right-hand side—the marginal increase in
the optimized value from increasing b. For a small change Ab, the first-order approximation is

AV = V(b+ Ab) — V(b) ~ u*(b) Ab.
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Its units are units of optimized value per unit of b.
For an upper-bound inequality r(z) < b, use the course’s KKT convention

g(x;b) =b—r(z) >0, L(z,\;b) = f(x) + Ag(x; b), A>0.

On a differentiable regime with a fixed active set, a binding constraint has

oL
V() = — = \*(b).
) =5 =2 0)
A slack constraint has A*(b) = 0 by complementary slackness and therefore no marginal value
on that regime. More generally, if constraint i is written as g;(z) + ¢; > 0, a positive ¢; relaxes

it and
ov

aci -

The sign of a multiplier cannot be separated from the way its constraint is written. If the

equality constraint is instead r(x) —b = 0 with multiplier g*, then * = —p* and V'(b) = —*(b).
Writing the constraint as b — r(z) = 0 makes the multiplier itself equal to the shadow price.

AL

(3

Example 8.2.3 (Capacity valued by the envelope formula). Fix parameters a > 0 and K > 0.
The scalar choice variable g solves

max aq — %qQ subject to q>0, g¢;K)=K—q>0.
q

The optimizer and capacity multiplier are known to be ¢*(a, K) = min{a, K} and A\(a, K) =
max{a — K,0} (see Example 7.3.3 in Lecture 7). What do the envelope formulas give for the
effects of capacity K and productivity a on the value, and do those effects agree with the known
closed-form solution?

Solution.

The value function is available in closed form:

a2, a< K, ov {o, o< K,

VCL,K = SO —_— =
(@ X) {aK—%Kz, a> K, oK a—K, a>K,

which is Aj(a, K), as part 3 of Theorem 8.2.1 predicts with Dgf = 0 and Dggs = 1: the
marginal value of capacity is zero while the capacity constraint is slack and positive once it
binds. Differentiating in a instead gives 0V/da = min{a, K} = ¢*(a, K) on both regimes, which
is the direct effect D, f = g evaluated at the optimum. On each regime the active set is constant
and the branch ¢*(a, K) is differentiable, so the formulas apply regime by regime; the switch
points belong to Section 8.2.5.

8.2.4 Behavior from optimized values

One classical corollary applies the envelope theorem to the theory of the firm.

Example 8.2.4 (Hotelling’s lemma). A firm chooses an input vector x € R™ and produces
output y(z). The parameters are the output price p and input-price vector w € R", and profit
is

m(z;p,w) = py(z) —w- 2.
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Suppose z*(p,w) is a differentiable branch of interior profit maximizers, with maximized profit
II(p, w). What are the derivatives of II with respect to p and each w;?

Solution.

Part 1 of Theorem 8.2.1 gives

o1l . om )
aip - y(l‘ (pa U])), awz = —I; (pa U}) .

the derivative of maximized profit with respect to the output price is the optimal output, and
with respect to an input price it is the negative of the optimal input use. Differentiating the value
function recovers the firm’s behavior without re-solving its problem. The same calculation with
a budget constraint produces Roy’s identity in consumer theory, and with a cost-minimization
problem produces Shephard’s lemma; both appear early in the first-year sequence, and both are
Theorem 8.2.1 applied to a particular value function.

8.2.5 Limits of the formulas

Every formula in this section is local and conditional: it needs a differentiable branch through
a regular solution, and for inequality problems it needs the active set to stay constant. The
following example shows how the formulas fail where the active set changes.

Example 8.2.5 (No single marginal value at an active-set change). The scalar choice variable
is x, and the scalar parameter is b > 0. Consider

max x subject to x>0, b—x>0, 1—x2>0.
x
What are the optimizer and value, and how does the value derivative compare with the multiplier
on the constraint b —x > 0 for b < 1, b > 1, and at the switch point b = 17

Solution.

The feasible set is [0, min{b, 1}], and the objective is increasing in z, so the optimizer and
value are z*(b) = V(b) = min{b, 1}. For b < 1 the constraint b — = > 0 binds alone and carries
multiplier 1; for b > 1 it is slack and carries multiplier 0. At b = 1 both upper constraints are
active, stationarity only requires the two multipliers to sum to one,

)\ZE [071]’ :apzl_)\27
and the value function has left derivative 1 and right derivative 0. At the switch point the
value function is not differentiable, so there is no single marginal value, and correspondingly the
multiplier is not unique.

On either side of the switch, the formulas hold regime by regime. Example 8.2.2 shows the
benign case: the active set changes at # = 0, yet the two regime values %92 and 0 join with
matching derivative, so the value is differentiable even at # = 0. After an active-set change, the

value may or may not remain differentiable, and this must be checked.

8.3 Fixed-point theorems

A fixed-point argument looks for a point that a map sends to itself. This section introduces
several theorems that give conditions under which such points exist.
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8.3.1 Fixed points and Brouwer’s theorem

Definition 8.3.1 (Fixed point). Let X be a set and f: X — X. A point z* € X is a fized
point of f if f(z*) = ™.

For a function of one variable, a fixed point is a crossing of the graph of f with the 45-
degree line. Lecture 2 closed with our first fixed point theorem, Brouwer in R: every continuous
f i a,b] — la,b] has a fixed point. The proof applied the intermediate value theorem to
g(z) = f(x) —x, which is nonnegative at a and nonpositive at b. Figure 8.3.1 shows the picture:
a continuous graph that starts on or above the diagonal and ends on or below it must cross it.

Figure 8.3.1: A continuous function from [a,b] to itself. At z* the graph of f meets the line
y=ux,so f(z*)=x".

In R™ the interval is replaced by a compact convex set.

Theorem 8.3.2 (Brouwer). Let D C R"™ be nonempty, compact, and convex, and let f : D — D
be continuous. Then f has a fixed point.

8.3.2 Set-valued maps and Kakutani’s theorem

Definition 8.3.3 (Set-valued map). A set-valued map (correspondence) I' : X == Y assigns
to every € X a nonempty set I'(z) C Y. A fized point of I' : X =% X is a point z* with
x* e I'(z*).

For correspondences, the continuity hypothesis of Brouwer’s theorem is replaced by a con-
dition on the set of pairs {(z,y) : x € X, y € I'(z)}, the graph of I": the graph must be a closed
set, in the sequential sense of Lecture 2. In words, if x; — x, yr — y, and yx € I'(x) for every
k, then y € T'(x).

Theorem 8.3.4 (Kakutani). Let D C R™ be nonempty, compact, and convez, and letT" : D = D
have convex values and a closed graph. Then I' has a fized point.

Example 8.3.5 (Ties close the gap). The variable is z € D = [0, 1]; there are no parameters.
Let f: D — D be the jump map f(x) =1 for z < % and f(z) =0 for x > %, which has no fixed
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point. Replace its value at the jump by the whole interval, defining I' : D = D by

{1} =<y
T(z) =101 z=3,
{0} z>1.

Does Kakutani’s theorem apply, and what is the fixed point? Why would replacing F(%) =10,1]
by the two-point set {0,1} destroy the conclusion?

Solution.

The jump map f has singleton values but not a closed graph: the pairs (% — %, 1) lie in
the graph and converge to (%, 1), yet f (%) = 0. Under T, the graph gains the vertical segment
{%} x [0,1] and becomes closed, every value is convex, and Theorem 8.3.4 applies. The fixed
point is visible in Figure 8.3.2: the segment meets the diagonal at =* = %, and indeed % € F(%)
If the value at the jump were the two-point set {0, 1} instead, the graph would still be closed,
but the value would not be convex and no fixed point would exist. In a game, the interval is
the set of mixtures available to a player who is indifferent; allowing the tie restores equilibrium

existence.

1 —0 1

@

D[

Figure 8.3.2: Left: the graph of the jump map passes over the diagonal without touching it.
Right: the set-valued map whose value at z = % is [0, 1]; the added segment meets the diagonal
at z*.

8.3.3 The contraction mapping theorem

Brouwer and Kakutani establish existence only: they do not say whether the fixed point is
unique, and they do not provide a way to compute it. The third theorem strengthens the
hypothesis on the map and gives both uniqueness and an algorithm.

Definition 8.3.6 (Contraction). Let S CR™. A map f:S — S is a contraction with modulus
Bif0< B <1and
1f(z) = fWll < Bllz -yl forallaz,yes.

A contraction shrinks the distance between any two points to at most [ times its original
value. Every contraction is continuous: if x — z, then || f(zx) — f(x)| < Bl|lzx — z|| — 0.
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Theorem 8.3.7 (Contraction mapping theorem). Let S C R™ be nonempty and closed, and
let f:S — S be a contraction with modulus 3. Then f has exactly one fized point x* € S.
Moreover, from any starting point xo € S, the iterates xy+1 = f(xg) converge to x*, and

ey, —a*|| < B° [|lzo — 27]].

Remark 8.3.8 (Why the fixed point is unique). Uniqueness follows in two lines, and the argument
uses B < 1 directly. If * and y* are both fixed points, then

2" =yl = £ (@) = fFOI < Bll=" =7,

o (1—=p)|lz* —y*|| <0. Since 8 < 1, this forces ||z* — y*|| = 0, that is, z* = y*. The error
bound is the same inequality applied k times: ||z — 2| = || f(2x—1) — f(®)|| < Bllzr—1 — x*||.

Note that in Theorem 8.3.7 the set S need not be bounded or convex; the strong hypothesis
on f replaces both.

Example 8.3.9 (A discounted sum as a fixed point). Fix parameters a € R and g € (0,1). The
fixed-point variable is x € S = R, and the map is T': S — S defined by T'(z) = a+ fx. Starting
from zyp = 0, does T have a unique fixed point, what are the iterates z;.1 = T'(x1), and what
economic object does their limit represent?

Solution.

We have |T'(z) —T'(y)| = Blx —y|, so T is a contraction with modulus 5, and its fixed point

solves x = a + Bx:
a

1-8

Tr =

Starting the iteration at xg = 0,
1—p* a
—
1-p 1-p
since B* — 0 for 0 < 8 < 1. The fixed point of “today’s reward plus /3 times the continuation”

is the value of receiving a in every period, discounted by £. In Lecture 9, the central operator
has this form, with a function in place of the number x.

$k:a(1+ﬁ+"'+ﬁk_1>:a

Theorem The set The map Conclusion

Brouwer (The- nonempty, compact, convex  continuous f : X — X  a fixed point exists

orem 8.3.2)

Kakutani nonempty, compact, convex convex values, closed a fixed point exists
(Theo- graph

rem 8.3.4)

Contraction nonempty, closed contraction with exactly one fixed
(Theo- modulus 8 < 1 point

rem 8.3.7)

Table 8.3.1: The fixed-point theorems used in the first-year sequence. The first two assert exis-
tence only; the third requires the contraction property and also gives uniqueness and convergence
of iteration.



Lecture 9

Dynamic Programming and the
Bellman Equation

In many economic problems, the decision maker faces a sequence of choices, each affecting the
next. A household that saves today has more to spend tomorrow; a firm that invests today
produces more next year. Today’s choice earns a payoff now and changes the situation for
every later choice, so the choices at different dates cannot be studied separately. Dynamic
programming is a tool for solving such problems.

9.1 Sequential problems and their recursive form

9.1.1 The growth problem

Time is discrete, t = 0,1,2,.... An agent (decision-maker) starts with a stock of capital ky > 0.
Capital k; produces output f(k;) at date ¢, and output is either consumed, ¢;, or carried forward
as next period’s capital, kiy1. The agent values consumption streams by a discounted sum of
one-period utilities and solves

o0
max Zﬁtu(ct) subject to ct + ki1 = f(ky), ¢ >0, ki1 >0, ko given.
fet kev1}iZo 425

(9.1.1)

The number 5 € (0,1) is the discount factor. The utility function u : Ry — R is continuous,
strictly increasing, and strictly concave, and f : R, — R, is continuous, increasing, and concave
with f(0) = 0; both are differentiable on (0,00). When we differentiate a value function we
assume in addition that u/(¢) — oo as ¢ — 0, so that an agent never chooses zero consumption.
Problem (9.1.1) is written as a sequential problem: the unknown is the whole sequence of
consumptions and capital stocks, co, k1, c1, ko, ..., chosen at once. Since ¢; = f(ki) — k41, the
capital sequence determines the consumption sequence. We can therefore use ki1 € [0, f(k¢)]

as the choice at date t. Every date has the same structure, drawn in Figure 9.1.1:

ki — ki — ki1
~— ~ ——
state choice tomorrow’s state

The agent inherits the state k; at date ¢ and chooses k11, earning the current payoff u(f(k:) —
ki+1). The transition makes today’s choice tomorrow’s state.

95
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ki g ki1 € [0, f(ke)] i

J N J -

~ s R Y oy . ' B
state choice transition | tomorrow’s state
kiy1

Y
current payoff

U(f(kt) - kt+1)

Figure 9.1.1: One date of the growth problem. The state k; fixes the feasible choices [0, f(k:)];
the choice k:y1 produces the current payoff and becomes the state at date t + 1.

The state is not simply “a variable indexed by ¢.” It is the information inherited from the
past that matters for the choices still to be made. In the growth problem, once k; is known, the
feasible choices at date ¢ and everything after depend on the past only through k;: two histories
that arrive at the same k; face the same future. Which sequence of earlier consumptions produced
k; is irrelevant, so it is not part of the state. If instead the payoff at date ¢ were u(c, ci—1), so
that yesterday’s consumption changed the value of today’s, then ¢;—1 would have to be carried
in the state along with k;. A state must therefore contain all information from the history that
affects future feasible choices, payoffs, or transitions.

9.1.2 The principle of optimality and the Bellman equation

Suppose the agent begins a date with capital & and chooses k’. From tomorrow on the agent
faces the same continuation problem as (9.1.1), with &’ in place of kg: the same technology,
preferences, and infinite horizon. The highest utility attainable from tomorrow on therefore
depends only on k'

Definition 9.1.1 (Value function). The value function V : Ry — R assigns to each initial stock
k the largest lifetime utility attainable from it,

V (k) = max Zﬁtu(ct) subject to the constraints of (9.1.1) with kg = k.
t=0

Whenever we write a maximum, we assume that the objective is finite and the maximum
is attained. Bounded one-period utility is sufficient for convergence: if |u(c)| < M for every
¢ > 0, every feasible stream has discounted utility of absolute value at most M/(1 — ) by
the geometric-sum calculation of Lecture 8’s Example 8.3.9. Attainment requires additional
conditions supplied by the macroeconomics sequence.

Now split lifetime utility from k into today’s payoff and everything after. If today’s choice
is K/, then today yields u(f(k) — k'), and the most that tomorrow and later can yield is V (k'),
discounted once because it starts one period later. An optimal choice of ¥ makes the total as
large as possible:

/ /
V(k) = Ogglg}c(k){u(f(k) K+ BV (K)} for every k > 0. (9.1.2)
This is the Bellman equation of the growth problem. Its terms correspond to the pieces of
Section 9.1.1:

e [ is the current state;
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e k' is the choice, and [0, f(k)] is the set of feasible choices;
e u(f(k)— k') is the current payoff;

e today’s choice k' becomes tomorrow’s state, which is why the same letter appears inside
V()

e V(E') is the continuation value, the value of behaving optimally from tomorrow on;
e (3 discounts the continuation value back to today.

The reasoning that produced (9.1.2) is Bellman’s principle of optimality: after any feasible first
choice, the best continuation is an optimal plan for the problem that starts from the resulting
state. In particular, every tail of an optimal plan is optimal from the state reached at that date.
Otherwise, replacing the tail by an optimal continuation would raise lifetime utility without
changing any earlier payoff.

The unknown in (9.1.2) is a function. The equation must hold at every k > 0, and the same
V appears on both sides, once evaluated at k& and once at &’. Thus solving the Bellman equation
means finding a function V' that satisfies it at every state. For a fixed k£ and a fixed candidate
V', the maximization inside the braces is a one-variable problem of the kind solved in Lecture 6.
The recursive formulation repeats this one-period choice at every state.

The recursive formulation gives more than an equation for V. Under our assumptions, the
value function of Definition 9.1.1 is the unique bounded solution of the Bellman equation when
u is bounded. Moreover, a feasible capital sequence is optimal for (9.1.1) if and only if, at every
date, its k41 attains the maximum in (9.1.2) at the state k;. We use these facts without proof;
Section 9.3.2 returns to the uniqueness claim.

9.1.3 Value function and policy function

Solving (9.1.2) produces two objects, and it is important to keep them apart. The first is the
value function V. The second is the choice that attains the maximum at each state.

Definition 9.1.2 (Policy function). The policy function g : Ry — R assigns to each state the
choice that attains the maximum in the Bellman equation,

g(k) € argmax {u(f(k) — k') + BV (K')}.
0<k’'<f(k)
Under our assumptions the maximizer is unique at every k, so g is a function; we take
this without proof. Consumption then follows from the constraint, ¢ = f(k) — g(k). The two
functions answer different questions:

ks lifetime utility from k, k L5 tomorrow’s capital k’.

The policy function describes the agents’s choice at each state and generates the whole optimal
path from kg alone:

k1 = g(ko), k2 = g(k1), ks = g(k2), ...

The Bellman equation determines the value function. Its continuation term SV (k') values to-
morrow’s capital in today’s utility. The sequential problem (9.1.1) and the recursive problem
(9.1.2) generate the same optimal paths; the recursive formulation describes them with a rule g
rather than a list of numbers.
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9.2 First-order and envelope conditions

The maximization inside the Bellman equation is a one-variable problem. Lecture 6 supplies
its first-order condition, and Lecture 8’s envelope theorem gives the derivative of the optimized
value. In this section we assume, for k > 0, that V is differentiable and concave and that
the maximizer g(k) is interior, 0 < g(k) < f(k), and differentiable in k. Standard dynamic-
programming results establish these properties under suitable hypotheses; we impose them rather
than prove them.

9.2.1 The first-order condition

Fix k and let ¢ = f(k) — k’. The objective in (9.1.2) is u(f(k) — k') + BV (K'), and Lecture 6’s
interior first-order condition, differentiating in k', gives

—u'(c) + BV'(K') = 0, that is, u'(c) = BV (K). (9.2.1)

Since the objective is concave in k', the first-order condition is sufficient by Lecture 6’s Theo-
rem 6.3.2: it locates the maximizer k' = g(k). In words, one more unit of capital carried into
tomorrow costs u/(¢) in utility today and is worth SV’/(k’), the discounted marginal value of
capital tomorrow. At the optimum the two are equal.

To eliminate the unknown derivative V’(k") from (9.2.1), we use the envelope condition.

9.2.2 The envelope condition and the Euler equation

The Bellman equation defines V (k) as an optimized value with parameter k. By Lecture 8’s
Theorem 8.2.1, part 1, we hold the choice at its optimum and differentiate the objective only
with respect to k. The parameter appears only in u(f(k) — k'), so

V/(k) = ' (f(k) — g(k)) f'(k) = (c) f' (k). (9-2.2)

This is the envelope condition. One more unit of capital today raises output by f/(k), and at the
margin the extra output is worth «'(c) whether it is consumed or saved, because the first-order
condition has equated the two uses; the response of g(k) contributes nothing to first order.

Equation (9.2.2) holds at every state, so it holds at tomorrow’s state k¥’ with tomorrow’s
consumption ¢ = f(k') — g(k'): V'(K') = /(<) f'(K'). Substituting into (9.2.1),

u'(cr) = Bu'(ceqr) f(Rerr), (9.2.3)

where we have restored time subscripts, ¢ = ¢;, k' = k;y1, and ¢ = ¢;1. This is the Euler
equation of the growth problem. Its left side is the utility cost of saving one more unit today. Its
right side is the benefit: the unit becomes f’(k¢11) units of output tomorrow, each worth u’(cy11),
discounted once. Substitution has eliminated V' and left a relation between consumption at
adjacent dates and the model’s primitives.

The calculation has three steps that recur throughout macroeconomics:

Bellman equation — first-order condition and envelope condition — Euler equation
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9.2.3 The same Euler equation from the sequential problem

We can also derive (9.2.3) directly from the sequential formulation. Substitute ¢; = f (ki) — k41
into (9.1.1), so that the objective becomes

Zﬁtu(f(kt) — kit1),
=0

a function of the capital sequence alone. The variable k;;; appears in exactly two terms of the
sum, dated t and ¢ + 1. At an interior optimum, Lecture 6’s first-order condition in the single
variable k;11, all other capital stocks held fixed, gives

—B" (cr) + B (cr1) (ki) = O,

which is (9.2.3) after dividing by 3. The economics is a one-period perturbation: consume one
unit less at t, carry it forward, and consume the proceeds at ¢t + 1; at an optimum the change in
lifetime utility is zero to first order.

The two derivations produce the same condition because the recursive and sequential for-
mulations describe the same problem. The Bellman equation, its first-order condition, and its
envelope condition reproduce the intertemporal optimality condition obtained directly from the
sequential problem, using a one-period problem with the same form at every state. The Euler
equation is a relation between three consecutive capital stocks (ki, kiy1, ki42); the initial condi-
tion kg pins down one end of the path, and the macroeconomics sequence supplies the condition
that pins down the other, the transversality condition. We do not develop the transversality
condition in this course.

9.2.4 Writing down a Bellman equation

Given a new dynamic problem, the procedure is: identify the state, the choice, the payoff, and the
transition; then write today’s payoff plus 5 times the value at tomorrow’s state, maximized over
today’s choice. The consumption—saving problem also shows how two choices can parameterize
the same recursion.

Example 9.2.1 (Consumption and saving at a fixed interest rate). A consumer holds wealth
a; > 0 at the start of date ¢, consumes ¢; € [0, a;], and invests the rest at gross return R > 0, so
that

At4+1 = R (at - Ct).

Lifetime utility is Z;:)io Btu(c), and ag is given.
e State. Wealth a. Once a; is known, nothing about the past matters for the future.
e Choice. Consumption ¢ € [0, al.
e Payoff. u(c).
e Transition. o’ = R(a — ¢).
The Bellman equation is

V(a) = max {u(c)+ BV (R(a—c))}.

0<c<a
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There is more than one convenient way to parameterize the choice. Since ¢ = a — d//R, the
consumer may instead choose tomorrow’s wealth o’ € [0, Ral:

!/

a
V(a) = max {u(a——) + BV (d }
(a) = max 7) TAV(d)
The two equations have the same solution V'; the economic problem determines the recursion,
and the notation is a matter of convenience. In the growth problem we chose k' for the same
reason: it keeps the continuation value V' (k') simple.

Under the assumptions of Section 9.2, the first-order condition in ¢ from the first formulation
is

u'(c) = BRV'(d'),
and the envelope condition, differentiating u(c)+ SV (R(a—c)) in the parameter a at the optimal
c, is
V'(a) = BRV'(d’) = 4/(c).

Applying the envelope condition at tomorrow’s state, V'(a’) = v/(¢), and substituting into the
first-order condition gives the Euler equation

u'(cr) = BRU (cry1).

The consumer equates the marginal utility of a unit consumed today with that of the R units it
would become tomorrow, discounted. If SR = 1, consumption is constant over time; if SR > 1,
marginal utility falls and consumption rises. The first-year consumption theory sequence uses
this equation as its starting point.

9.3 Why the recursion works: finite horizons and the fixed point

Finite horizons make the recursive logic explicit because they provide a last date from which to
work backward. For an infinite horizon, the contraction mapping theorem determines the value
function without a last date.

9.3.1 Finite horizons and backward induction

Suppose the world ends after date T: the agent solves
T
max Zﬁtu(ct) subject to ct + kiy1 = f(ke), ¢t ki1 >0, ko given, (9.3.1)
t=0

with no use for capital after date T'. The value function now depends on the date as well as on
the state, because the agent at date t has T'— t + 1 decision dates remaining. Write V;(k) for
the largest utility from date ¢ on when the date-t state is k.

At the last date the problem is trivial. Capital left over is wasted and v is increasing, so the
agent consumes all output:

Vr(k) = u(f(k)).

At date T'— 1 the agent chooses kr knowing its continuation value, Vr(kr):

Veoi(k) = | max {u(f(k) — k') + BVr(K)}.
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Once Vr is known, this is a one-variable problem of Lecture 6, and solving it at every k gives
the function Vp_1. Then Vp_s is obtained from Vip_q in the same way, and so on down to Vj:

Vb — Vg — Vg — -+ — V.

Proposition 9.3.1 (Finite-horizon Bellman recursion). Fort =T — 1,7 —2,...,0 and every
k>0,

Vi) = mas Ju(F() = k) + BVia®)). Vek) = u(/(0),

and a feasible capital sequence solves (9.3.1) if and only if at every date t < T —1 its ky11 attains
the maximum at the state ky.

Proof (optional). Fix t and k, and write W (k) for the right-hand side of the display. Every
feasible plan from date ¢ at state k begins with some &’ € [0, f(k)] and continues with a feasible
plan from date ¢ + 1 at state k', whose utility from ¢ + 1 on is at most V;41(k"). So every plan
earns at most u(f(k) — k') + fVip1 (k") < W(k), and Vi(k) < W(k). Conversely, let k" attain
the maximum and follow it with an optimal plan from date ¢t + 1 at state &’; that plan exists
by induction downward from date 7', where the optimal plan is to consume everything. The
combined plan is feasible and earns W (k), so Vi(k) > W(k). The two inequalities give the
recursion. The same comparison shows that a plan achieves V;(k) exactly when its first choice
attains the maximum and its continuation is optimal. This proves the biconditional. O

Computing Vr, Vr_q,...,V in that order is called backward induction: it is Lecture 1’s
induction, run from the last date toward the first. Each step is a static problem, and each
maximum is attained by the Weierstrass theorem of Lecture 2 when the objective is continuous,
since [0, f(k)] is compact. The principle of optimality is also established by the argument: an
optimal plan’s continuation from any date is optimal for the problem starting from the state
reached on that date.

Example 9.3.2 (Two dates of cake eating). Let u(c) = y/c and f(k) = k. Capital does not
reproduce in this special case: k is a stock of cake, and the agent divides it between consumption
now and cake carried to the next date. Fix an upper bound k& > 0 and take the state space to
be S = [0, k], which is invariant because every feasible choice satisfies 0 < k' < k. Let T =1, so
there are two dates. At date 1 the agent consumes everything:

Vi(k) = VEk.
At date 0 the recursion gives

Vo(k) = max {Vk—F + BVE'}.

0<k'<
For k > 0 the objective is strictly concave and its one-sided slopes at the two endpoints point
toward the interior. Its first-order condition is
1 B
2Vk -k 2VK

the unique maximizer by Lecture 6’s Theorem 6.3.1. The agent carries the fraction 32/(1 + 3?)
of the cake to date 1 and consumes the rest. Substituting back gives

Vo(k) = 1+ 82 Vk.

52

and hence K = m k,
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Thus V1 and Vj) are both a constant multiple of Vk.
The pattern continues. If V41 (k) = Biy1vVk with Byy1 > 0, the same calculation gives

5232

/ t+1 2 2 2

=—7"k Vi(k) = B:Vk Bf =1 B Br =1.

1+ BQBE+1 ) t( ) t\rﬂ t + B t+1> T

Consequently,
BZ=1+p82+p4+ -+ p2T0,

As the number of remaining dates grows, B; increases to 1/4/1 — 32, and the fraction carried
forward increases to 2. Section 9.4 obtains these limits by solving the infinite-horizon problem
directly.

9.3.2 The infinite horizon as a fixed point

With no last date there is no Vp from which to start. Example 9.3.2 shows the coefficient on Vk
and the fraction carried forward approaching limits as dates are added. In a stationary problem,
one whose payoff, feasible set, and transition are the same at every date, the infinite-horizon
value does not depend on the calendar. The recursion of Proposition 9.3.1 with V; =V, 1 =V is
the Bellman equation (9.1.2). Whether an infinite-horizon V' exists, and whether it is unique, is
a fixed-point question. Under bounded rewards, a contraction argument on the space of bounded
functions answers it.

To state the contraction result, write a stationary problem in general notation. It has a state
s in a state space S, a set I'(s) of feasible actions at s, a reward r(s, a), a transition s’ = F(s,a),
and a discount factor 8 € (0, 1); the growth problem is the case s = k, T'(k) = [0, f(k)], a = ¥/,
r(k, k") = u(f(k) — k'), and F(k,k") = k’. Table 9.3.1 lists the correspondence. The Bellman
equation is

V(s) = sup {r(s, a) + BV(F(S, a))} for every s € S,
a€T’(s)

written with a supremum so that it makes sense before anything is known about attainment.

Object Growth problem General stationary problem
State capital k seS

Feasible choices k' € [0, f(k)] aeI(s)

Current payoff u(f(k) — k) r(s,a)

Transition K "= F(s,a)

s
Bellman equation V(k) = max{u(f(k) — k') + SV (K")} V(s) =sup{r(s,a)+ BV (F(s,a))}
Policy function K = g(k) a

Table 9.3.1: The pieces of the growth problem and their names in a general stationary dynamic
problem. In the growth problem the transition is the identity in the choice, which is why &’
serves as both the choice and tomorrow’s state.

Definition 9.3.3 (Bellman operator). Let B(S) be the set of bounded functions v : S — R with
the sup norm ||v||oc = supseg|v(s)|. The Bellman operator T sends a candidate value function
v to the function

(Tv)(s) = sup {r(s,a)+ Bv(F(s,a))}.

a€l(s)
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The number (7v)(s) is the supremum value of a one-period choice at s when v values
tomorrow’s state. The Bellman equation says 7V = V: the value function is a fixed point of T.
Backward induction is iteration of 7T, since V; = TV, in Proposition 9.3.1. The operator T
is the function-valued version of the map T'(z) = a + Sz in Lecture 8’s Example 8.3.9: today’s
reward plus S times the continuation.

Theorem 9.3.4 (The Bellman operator is a contraction). Suppose I'(s) is nonempty for every
s € S and there is M < oo with |r(s,a)] < M whenever a € I'(s). Then T maps B(S) into
B(S), and for all v,w € B(S5),

[Tv=Twlo < Bllv— wle-

Proof (optional). Every number whose supremum defines (7v)(s) lies between —M — v~
and M + B||v]|co, so [(Tv)(s)| < M + B|v||eo for every s and Tv € B(S). Now fix s. For every
a € I'(s) the definition of the sup norm gives v(F(s,a)) < w(F(s,a)) + ||v — w0, hence

r(s,a) + Bu(F(s,a)) <r(s,a) + Bw(F(s,a)) + Bllv — w]so.

The inequality holds action by action, so it survives the supremum over a € I'(s): (Tv)(s)
(Tw)(s) + B|lv — w||co. Exchanging v and w gives the reverse bound, so |(Tv)(s) — (Tw)(s)]
Bllv — w||s at every s, and taking the supremum over s finishes the proof.

LTIAIA

The space B(S) is complete in the sup norm, a fact we use without proof. The contraction
mapping theorem therefore gives three conclusions. The Bellman equation has ezxactly one
bounded solution. Starting from any bounded vg, even vy = 0, the iterates v,+1 = T v, converge
to it in sup norm, with the worst-case error shrinking by the factor 8 each time. This procedure
is called walue function iteration. For vy = 0, the iterate v, is the value of the problem with
n dates remaining and no terminal value. Thus the infinite-horizon value is the limit of finite-
horizon values, as in Example 9.3.2. More generally, value iteration can start from any bounded
function, and the effect of that starting function vanishes at the geometric rate (.

Discounting supplies the contraction modulus 8. As § — 1, the worst-case convergence
bound becomes arbitrarily slow; at § = 1, Lecture 8’s map T'(x) = a+x has no fixed point when
a # 0: an undiscounted constant stream of nonzero rewards has no finite value. The theorem
also requires a bounded reward. In Example 9.3.2, S = [0, /%] and 0 < Vk—Fk' < \/E, so the
hypothesis holds and the finite-horizon values converge uniformly to the unique bounded fixed
point. If instead the state space were all of Ry, the same reward would be unbounded above
and this theorem would no longer apply.

9.4 A Bellman equation solved by hand

Value function iteration is useful for numerical work. When the primitives are special enough,
the Bellman equation can be solved analytically by guess and verify: conjecture that V has a
particular functional form with unknown constants, substitute the conjecture into the Bellman
equation, carry out the maximization, and check whether the result has the conjectured form
again; if it does, matching constants yields equations for them. The guess proposes a candidate;
substitution verifies that the candidate is a fixed point. A separate theorem is still needed to
show that this fixed point is the value function and is unique in the relevant class.
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Example 9.4.1 (Square-root cake eati{lg). Continue the cake-eating problem of Example 9.3.2,
with u(c) = /e, f(k) =k, and S = [0,k]. Given kg = k € S, the agent solves
oo

max Zﬁt\/a subject to ¢ + kiy1 = Ky, ¢, ke > 0.

{evker1}20 15
Its Bellman equation is
V(k) = Ognljmgk{\/m + BV (K}
The finite-horizon value functions were multiples of vk, so we conjecture

V(k) = BVk

with B > 0 and look for a constant B that makes the equation hold at every k € [0, k].
The mazimization. With the conjecture substituted, the objective vk — k'+BBVk' is strictly
concave in k’. For k > 0 its unique maximizer is interior and satisfies

1 _ BB
Wk -k 2K’
SO 9 19 k
B
k/ = 7/8 k, k - k/ — .
1+ 32B2 1+ 32B2

For k = 0, the only feasible choice is k' = 0, which the same formula gives.
The verification. Substituting the maximizer back, the right-hand side of the Bellman equa-
tion becomes Vi 2 JE
k B°B*Vk
+ =/1+ 2B2 k.
\/1+5sz \/1_1_5232
The conjectured form is preserved. Matching the coefficient on vk gives

1
B=+/1+p3?B? = B=—7u=

Vi-B

The value and policy. The value function and its implied policy and consumption are there-

fore Vi
k
V(k) = T g(k) 252]{:’ c= (1_52)]{;
V11— B2
The agent carries the fixed fraction 82 of the remaining cake to the next date. These are the
limits found in Example 9.3.2. The optimal stock path is k; = %'kg, so the remaining cake
converges to zero.

Substituting the policy into the Bellman equation verifies the solution directly:

Vk—g(k) + BV (g(k)) = V(1 - B2k + 5@2 = \/;/_EBQ = V(k).

The Euler check. Since f'(k) =1 and ¢;41 = 3¢y,
1
/ / ki — B —
Bu'(crs1) f (ki) NCRENG

Finally, V is bounded on [0,%] and the reward is bounded by vk. The contraction theorem
therefore shows that this fixed point is the unique bounded solution of the Bellman equation,
and value function iteration from the finite-horizon problems converges to it.

=/(cy).
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