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Abstract

We study verifiable disclosure by an informed sender whose preferences do not depend on
his type. An equilibrium survives our coalition-proofness criterion if no group of types can
profitably coordinate on an announcement that the receiver would interpret as coming precisely
from the types willing to join it. We first characterize all perfect Bayesian equilibria as individ-
ually rational partitions of the sender’s types into coalitions ordered by payoff. Coalition-proof
equilibria are exactly the greedy partitions: at each step, a coalition of the remaining types
attains the highest payoff consistent with equilibrium. This characterization allows deviations
that mix across messages or reuse evidence observed on the equilibrium path. Coalition-proof
equilibria need not exist. We establish existence under alternative restrictions on preferences
and evidence, including betweenness, quasiconcavity with message completeness, and payoff
degradation; existence always holds with two types. Finally, we solve a benchmark in which ev-
idence can identify arbitrary fractions of types. Its selected value is a piecewise-linear tent over
the belief simplex, providing a no-commitment disclosure counterpart to the values of Bayesian
persuasion and cheap talk.

1 Introduction

Games of verifiable disclosure model communication by a sender who can prove what is true but
cannot fake what is not: a firm discloses audited figures, a politician releases a record, a researcher
reports a study. The canonical models (Grossman, 1981; Milgrom, 1981) deliver the classic unrav-
eling result: skepticism toward silence forces full revelation. Away from the canonical case, when
types can certify themselves only partially or evidence is coarse, richer disclosure games have been
studied extensively (Ben-Porath, Dekel, and Lipman, 2019; Glazer and Rubinstein, 2004; Hagen-
bach, Koessler, and Perez-Richet, 2014; Hart, Kremer, and Perry, 2017; Sher, 2011). In these
models partial revelation in rich patterns is possible, but it typically comes with severe multiplicity
of equilibria, driven by how the receiver interprets messages nobody sends. Most of the literature
responds by selecting receiver-optimal equilibria, which often coincide with the receiver’s commit-
ment solution (Ben-Porath, Dekel, and Lipman, 2019; Glazer and Rubinstein, 2004; Hart, Kremer,
and Perry, 2017).

This paper takes a different approach. We study disclosure games with one substantive assump-
tion: the sender’s preferences are type-independent. The setup is otherwise general: the sender’s
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payoff depends on the receiver’s posterior belief through a correspondence, and an arbitrary mes-
sage mapping assigns each type its set of available messages. Rather than selecting equilibria on
the receiver’s behalf, we ask which equilibria survive credible collective deviations by the informed
party. A perfect Bayesian equilibrium (PBE) fails our test of coalition proofness if some group of
sender types can announce a joint deviation (possibly mixed, possibly spread over several messages,
possibly reusing messages already sent on path) such that, when the receiver correctly anticipates
exactly which types join the announcement, every participant gains. The selection requires that
credible coalitional deviations be correctly interpreted, in the spirit of neologism proofness for
cheap-talk games (Farrell, 1993).

We first characterize equilibrium. All PBE strategies, coalition-proof or not, are partition
strategies: they partition the type space into coalitions, ordered from high payoff to low, where
each coalition bundles a set of types, evidence that only they can produce within the residual
game, and a common payoff. Equilibrium analysis thus reduces to a recursive partition problem,
implemented by an algorithm that removes one coalition from the game at each step. Coalition-
proof PBE are exactly the outputs of the greedy version of this algorithm: at each step, remove a
coalition attaining the largest available payoff, subject to individual rationality and to not exceeding
the previous cell’s payoff. When the game is generic, in the sense that distinct pooling groups earn
distinct payoffs, the coalition-proof PBE partition is essentially unique.

Because the setting is general, coalition-proof PBE may fail to exist, for the same reason that
neologism-proof equilibria may fail to exist in cheap-talk games. We then give sufficient conditions
for existence. Two conditions constrain only the sender’s payoff and place no condition on the
message mapping: betweenness (Hart, Kremer, and Perry, 2017) of a single-valued payoff, and a
lower envelope that gives the sender free disposal of his payoff. The remaining conditions combine
restrictions on the message mapping with weaker payoff restrictions. If the message mapping is
complete, in the sense that available evidence is closed under unions (Bertomeu and Cianciaruso,
2018), quasiconcavity of the upper envelope suffices. With cheap talk also available, completeness
suffices on its own; so does revelation aversion, the property that the sender’s worst outcome
is having his type revealed. The unifying mechanism behind the payoff-side conditions is payoff
degradation: existence is guaranteed whenever any coalition can be rebuilt with the same members
and any lower payoff, because then the greedy recursion never stalls.

Finally, we solve the model with a maximally rich message space, built on the free-disclosure
game of Titova and Zhang (2025), where any group of types, indeed any fractions of types, can
pool while excluding all others. There, coalition-proof PBE have a simple recursive form: the top
coalition assembles the belief that maximizes the sender’s payoff on the current support, and the
recursion proceeds down the type space. The sender’s ex-ante payoff is a piecewise-linear function
of the prior that we call the tent. The tent is the disclosure analogue of the concave closure of
Bayesian persuasion (Kamenica and Gentzkow, 2011) and the quasiconcave envelope of cheap talk
(Lipnowski and Ravid, 2020): it lies below the former, while coinciding with neither in general.

Two Motivating Examples

The first example shows that receiver-optimal equilibria can rest on implausibly asymmetric inter-
pretations of deviations that all sender types want equally.

Example 1 (Implausible revelation in receiver-optimal equilibria). A centrist incumbent (the
sender) learns the state of the world 0 € {—1,1}, drawn from a uniform prior; she can reveal
it to the voter (the receiver) or not, choosing a message m € {0,@}. The voter sees m and elects
a left-wing challenger (a = —1), a right-wing challenger (a = 1), or the incumbent (a = S). The



incumbent is office-motivated and gets 1,—g. The voter gets 1 if the elected challenger matches the
state (a=10), 0 if not, and 0.9 from the safe option of reelecting the incumbent.

This game has two kinds of PBE. In one, both types send m = @& and the incumbent is reelected.
In the others, the incumbent is reelected with probability zero: the empty message is either off path
and interpreted as coming disproportionately from one state, or sent disproportionately by one type
on path. In any receiver-optimal equilibrium the incumbent reveals 6 with probability one, and the
voter’s belief after @ places probability at most 0.1 or at least 0.9 on 6 = 1: the voter extracts full
revelation by threatening to interpret the off-path message asymmetrically, even though both types
have identical incentives to send it. For the incumbent, revealing the state is weakly dominated by
silence: anything she says can be used against her. She could announce: “it is in my interest to
reveal nothing, and I benefit from this announcement regardless of the state; so hearing nothing,
keep your prior.” Both types would join this deviation, and under the correct interpretation both
gain.! Coalition proofness eliminates every equilibrium except pooling on silence.

One may conjecture that limiting the receiver’s ability to interpret deviations adversarially
simply shifts surplus to the sender, so that selecting ex-ante sender-optimal equilibria would achieve
the same thing. The second example shows it does not: coalition proofness is an interim concept,
and profitable interim deviations can destroy ex-ante optimal pooling.

Example 2 (Implausible ex-ante sender-optimal equilibria). Consider a Grossman (1981) game

with a nuisance dimension. Let © = {(L,A),(L,B),(H,A),(H,B)} with a uniform prior. Type

6 can send any message m € 29 with § € m. The receiver’s best response to belief p is a*(p) =
Pr,(0(1) = H) — 8[Pr,(0(2) = A) — 0.5]2, and the sender’s payoff is a.

Revealing 6(1) = H is good for the sender; revealing anything about the nuisance dimension
0(2) hurts him. The receiver-optimal PBE outcome is full revelation, supported by adversarial
off-path beliefs. The ex-ante sender-optimal PBE has all types pool on m = © with payoff /0.5,
supported by the same kind of asymmetric threat: off path, the receiver attributes the message
{(H,A),(H, B)} disproportionately to a single type. But the high types can announce exactly that
message, evidence only they can produce, and both gain under the correct interpretation, so the
pooling equilibrium is not coalition-proof. In the coalition-proof prediction the high types separate
along the payoff-relevant dimension and pool along the nuisance dimension, mirroring the unique
equilibrium of the game with the nuisance dimension removed. When the sender wants to reveal
some dimensions of the state and conceal others, coalition proofness delivers precisely that outcome.

Related Literature

Our selection concept belongs to the family of belief-based refinements built on credible devia-
tions: neologism proofness (Farrell, 1993), the closely related equilibria of Grossman and Perry
(1986), announcement proofness (Matthews, Okuno-Fujiwara, and Postlewaite, 1991), and unde-
feated equilibrium (Mailath, Okuno-Fujiwara, and Postlewaite, 1993). Bertomeu and Cianciaruso
(2018) adapt neologism proofness to disclosure games; Aybas and Callander (2024) apply announce-
ment proofness to select the sender-optimal equilibrium of cheap talk in complex environments.
These refinements allow deviations only to a single off-path message; our blocking coalitions may
mix over several messages and may use messages already on the equilibrium path, which is what
makes the greedy characterization exact and existence obtainable under weaker conditions. Koessler
and Skreta (2023) study information design by a privately informed designer and propose interim

'Refinements such as the intuitive criterion or D1 do not help here: they give conditions to rule some types out
as deviators, while the problem is that both types are equally plausible deviators.



optimality as a selection criterion. Their setting assumes commitment and ours does not, but the
two become comparable in our rich disclosure game, where free disclosure lets the sender induce
any distribution of beliefs, which is precisely what a committed designer can choose.

A second strand, closest to our approach, characterizes equilibria of disclosure games directly.
Rappoport (2025) characterizes receiver-optimal equilibria. Wu (2022) characterizes all PBE under
the assumptions that each piece of evidence has cheap-talk copies and any two pieces of evidence can
be jointly presented. Our Proposition 1 characterizes all PBE for an arbitrary message mapping.

Our paper also contributes to the literature on disclosure with structured evidence. Hart,
Kremer, and Perry (2017) introduce truth-leaning equilibria in evidence games and show they
coincide with the receiver’s commitment outcome; their key payoff condition, betweenness, is one of
our existence conditions. When evidence has their structure and the payoff satisfies betweenness,
every truth-leaning outcome is also a coalition-proof PBE outcome, so our refinement provides
sender-side foundations for receiver-optimal predictions in that class; outside it, the two concepts
diverge, and coalition proofness favors profitable pooling over maximal revelation. Glazer and
Rubinstein (2004), Sher (2011, 2014), and Ben-Porath, Dekel, and Lipman (2019) develop the
commitment side of persuasion with evidence, and Hagenbach, Koessler, and Perez-Richet (2014)
study disclosure among many players. Callander, Lambert, and Matouschek (2021) select the
sender-optimal equilibrium in a verifiable-disclosure model of expert advice, and Farina et al. (2024)
test selective disclosure experimentally.

Finally, our benchmarks connect disclosure to the values of neighboring communication models.
With commitment, the sender’s value is the concave closure of Kamenica and Gentzkow (2011);
with pure cheap talk, it is the quasiconcave envelope of Lipnowski and Ravid (2020), which coalition
proofness selects as the unique prediction in the cheap-talk corner of our model. The tent of the
rich-message benchmark (Titova and Zhang, 2025) is the disclosure counterpart of these objects.

The rest of the paper proceeds as follows. Section 2 introduces disclosure games; Section 3
develops coalitions and partitions. Section 4 characterizes PBE as individually rational partitions
with non-increasing payoffs. Section 5 introduces coalition proofness and characterizes coalition-
proof PBE as greedy partitions. Section 6 presents the existence results, and Section 7 solves the
rich-message benchmark and constructs the tent. Section 8 makes the comparisons with related
work formal. Proofs are in the appendix.

2 Model

There are two players, a sender and a receiver. First, the sender learns his type 8 € © drawn
from a common prior u’ € A®.2 Then, he sends a message m € M from a non-empty set M (f),
where M : © — 2M < {3} is the message mapping. Finally, the receiver updates her belief and
acts, and payoffs are realized. We employ the belief-based approach and abstract away from the
receiver’s action. The sender’s payoff primitive is a correspondence V : A©® = R; its envelopes are
U(p) ;= max V(u) and v(p) := min V().

Except where explicitly noted, we assume the following.

Assumption 1. (A1) © and M are finite.
(A2) p° has full support.

(A3) M =Ugeco M(0).

(A4) V is upper hemicontinuous with non-empty compact interval values.

2For a finite set S, AS denotes the set of probability distributions over S.



Here, (A3) imposes that every message is feasible for at least one type. (A4) is satisfied under
mild conditions.? Under (A4), the upper envelope T is upper semicontinuous, the lower envelope v
is lower semicontinuous, and V(u) = [v(p), o(p)].

Our main object of study is a disclosure game defined as follows.
Definition 1. A disclosure game G is a tuple (0, M, M, u°, V') satisfying conditions (A1)-(A4).

Strategies. A sender strategy in game G is a map o : © — AM such that suppo(-|60) C M(0).
The evidence of o is the set of messages it uses,

X(o):= U suppo(-|0).
0O
Message m is on path under o if
po(m) = p°(O)a(m|6) > 0;
0cO

since p has full support by (A2), the set of on-path messages is exactly X (). For m € X (o), the
induced belief p,(-|m) € AO is

K(0)o(m|6)

MU(0|m) = pg(m)

Restricted games. Let R be a non-empty subset of ©. A restricted game on R is
G|r = (R, Mg, Mg, iy, Vi),

where Mp := (Jper M (0) C M is the set of all messages available to types in R; Mg(0) := M(0),
treated as a subset of Mp; ,u% € AR is the conditional prior defined as

)
b (9) = ———~ where O(R) = 0(9);

Vg is the sender’s payoff correspondence restricted to beliefs supported on R.*

Any restricted game G|p is itself a disclosure game, G|g = G, and restriction is transitive: for
non-empty R’ C R C ©, we have (G|r)|r' = G|r (see Lemma K.2 in the appendix). Every notion
and argument below is described for an arbitrary disclosure game G and therefore applies to every
restricted game. When we consider a restricted game G|g, we add a subscript R.

Useful notation. Given a non-empty set of types R C © and messages X C M, the set of types
in R that can send at least one message in X is the preimage of X relative to R:

MpH(X):={0€ RIM(®)NX # o},

3For example, suppose the receiver’s action space A is a non-empty compact Hausdorff space, the sender’s payoff
us : A — R is continuous, and, for each § € ©, the receiver’s payoff ur(-,0) : A — R is continuous. Then, among
other things, V is non-empty, compact-valued, convex-valued, and upper hemicontinuous (see Lemma K.1 in the
appendix).

4For finite sets S C S, let ts,sr + AS — AS’ denote the zero-extension map from S to S’: for each v € AS and
z €S, 155 (W)(z) =v(z)ifz €S, and v5 .5 (v)(x) = 0 otherwise. Thus, Vg =V otge.



which we will abbreviate as M ~1(X) when there is no possibility of confusion. We write
P(m) == M~'({m})

for the set of types that can send message m. Note that P(m) is non-empty for each m € M
by (A3). Since u° has full support, u% is supported exactly on R. We identify distributions on
R, including posterior beliefs induced in G|, with their zero-extensions to A© whenever they are
used in the original game; similarly, we identify distributions on Mg with their zero-extensions to

AM.

3 Coalitions and Partitions

Fix a disclosure game G = (0, M, M, u°, V) and a non-empty set of types C C ©. A coalition
strategy on C' is a sender strategy o of the restricted game G|c. The posterior beliefs induced
by o are the beliefs p,(-|m) already defined for strategies, computed in the restricted game G|¢
and zero-extended to A© when used in the original game. Since game restriction is transitive, the
coalition-induced beliefs depend only on C' and o, not on which larger (restricted) game contains

C.

Definition 2. A coalition of a disclosure game G is a triple (C, o, w) such that
(C1) C C © is non-empty;

(C2) o is a coalition strategy on C;

(C3) the evidence of o is exclusive to C':

M~H(X(0)) € C;

(C4) every message in X (o) yields the same sender payoff:

w € V(ue(-|m)) for every m € X(o).

A coalition is not merely a subset of types; it bundles the participating types, their evidence
strategy, and their common payoff. The coalition payoff is constant across all messages in the
coalition’s evidence, and hence across messages sent by each coalition type; this is what aligns
coalitions with equilibrium payoffs in Section 4. Note that the reverse inclusion C' C M~(X (o))
holds automatically since each 6 € C' uses messages from M (0) N X (o); consequently, condition
(C3) becomes M~1(X (o)) = C and states that the types participating in the coalition are exactly
the types that can produce the coalition’s evidence. Finally, every m € X (o) is on path, so the
beliefs in (C4) are well-defined.

Remark 1. Fiz a disclosure game G and a message m € M and let ™ be a coalition strategy on
P(m) under which every type that has access to message m sends it with probability one. Then, for
every w € V(,u?;(m)), the triple (P(m),o™, w) is a coalition of G. In particular, every disclosure
game admits a coalition.

Proof. P(m) is non-empty by (A3); also, m € M(0) for each § € P(m), so ¢™ is a coalition strategy
in G|pn) with X(¢™) = {m}. Next, M~(X(c™)) = P(m) by the definition of P(m). Finally, the
belief induced by o™ is ,u(l)g(m) by Bayes’ rule. Consequently, (P(m), o, w) is a coalition for every
w e V(,u%(m)). O



Definition 3. A partition of a disclosure game G is a finite sequence
I = {(Ct, 04, we) Yy

such that C, ..., Cr are pairwise disjoint, non-empty, and © = U?zl Cy, and, for each t, the triple
(Ct, 00, wy) is a coalition in the residual game Gy := G|g,, where Ry := UST:t Cs.

We refer to ¢ as the step index, Cy as the cell, and write X; := X (o0y) for the evidence used at
step t. For a partition II, we call R; the residual set at step t. More generally, for any object Yr
attached to the restricted game G|g, we abbreviate Yy, as Y;; thus Gy = G|g,, M = Mp,, and so
on.

All partitions arise from the recursion formalized by the following algorithm:

Algorithm 1: Partition Algorithm
Let t:=1 and Ry := ©;
while R; # &
select a coalition (Cy, oy, wy) of Gy;
let Rey1:= Ry~ Cyand t:=t+1;

end

A run of the algorithm is one of its possible executions, one selection per step. The algorithm
terminates when the type space is exhausted; its output is the selected sequence {(Cj, oy, wy)}L ;.
At every step of every run, a selection exists by Remark 1, each step removes a non-empty cell,
and each output satisfies the definition of a partition. In particular:

Remark 2. Every disclosure game admits a partition, and every partition has at most |O| steps.

Proof. At each non-empty residual set, Remark 1 applied to the restricted game gives an available
coalition. Each selected coalition has a non-empty cell, so each step removes at least one type.
Since O is finite, the recursion exhausts the type space after at most |O| steps, and the selected
sequence is a partition by construction. ]

By transitivity of game restriction, G¢|c, = G|¢,, so oy is simply a coalition strategy on Cy with
beliefs p,, that do not depend on the larger game in which the coalition is viewed. Similarly, the
common-payoff condition (C4) of the step-t coalition is the same whether viewed in G¢lc,, Glc,,
or G. The only condition that uses the residual set R; is exclusivity (C3): no type in R, ~\ C; can
produce evidence in X;. However, types in C7 U...U C;—1 may be able to produce that evidence.

Definition 4. Given a partition Il = {(Cy, 04, wi)}}—, of G, its associated sender strategy o'l :
© — AM is obtained by letting every 6 € Cy use o4(-|0) zero-extended to AM. A sender strategy
s o partition strategy if it is associated with some partition.

The associated map o'l is a sender strategy of G: if § € Cy, then
supp o'l(- |0) = supp oy (- | ) C M(8).

Moreover, distinct steps use disjoint evidence. If m € X, N X; with s < ¢, then some type in
Cy C R; can send a message in X, contradicting exclusivity of the step-s coalition in Gs. Thus,
whenever m € X;, only types in C; send m under ¢'!; in particular, m is on path, and the belief
induced by o' at m is the same as the belief induced by oy in G|¢,, viewed as a belief in AO.



4 Perfect Bayesian Equilibrium
Fix a disclosure game G = (0, M, M, u°, V).
Definition 5. For m € M, the set of feasible beliefs is
F(m) :={ps(-|m)| o is a sender strategy of G with m € X(o)}.

Feasible beliefs are those that arise, via Bayes’ rule, under some sender strategy. This is the
sense in which F(m) captures verifiability: a type forced to send m does so under every strategy,
so its prior weight can never be discounted relative to the types that send m voluntarily. Each
F(m) is a non-empty compact convex polytope, parametrized explicitly by the mixing weights of
the types that can send m (see Lemma K.3 in the appendix).

Definition 6. For a type 0 € O, the skeptical payoff is

u(f) := max min v(p).

meM (0) peF(m)

The skeptical payoff is the payoff type 6 obtains from his best message when, at every message,
the receiver holds the least favorable feasible belief and breaks ties against the sender.’

Definition 7. A sender strategy o : © — AM is a PBE strategy if there exist a belief system
w: M — AO and a sender payoff function r : M — R such that:

1. Beliefs are feasible:
pu(-m) € F(m)  for every m € M.

2. Beliefs are Bayesian on path:
u(-|m) = pe(-[m)  for every m € X (o).
3. The realized payoff is compatible with the payoff correspondence:

r(m) € V(u(-|m)) for every m € M.

4. The sender is sequentially rational:

suppo(-|0) C arg max r(m) for every 6 € ©.
meM(0)

A triple (o, p,r) satisfying these four conditions is a PBE.

Notably, the first condition requires that even off-path beliefs are rationalizable by some sender
strategy. The function r incorporates the receiver’s tie-breaking and mixing: after each message
m, the receiver selects the sender’s payoff from the set V(u(-|m)). Every disclosure game admits
a PBE (see Lemma K.4 in the appendix).

If (o, u,7) is a PBE, then sequential rationality makes r constant on suppo(-|6), equal to

u(f) := max r(m
(6) = max r(m)
which we call the sender’s equilibrium payoff of type 6 in that PBE. No PBE can yield sender
payoff below the skeptical payoff u(0).

’The maximum and minimum are attained because v is lower semicontinuous and F(m) is non-empty and compact
(see Lemma K.3 in the appendix).



Definition 8. A partition Il = {(Cy, 04, wy)}—; of G is individually rational (IR) if
we > u(f)  for every t and every 0 € C. (IR)

Throughout, the skeptical payoff u(#) is the one computed in G itself.

The PBE characterization below rests on two simple observations. First, the partition strategy
preserves the beliefs generated by its cells: if m € X;, then under o' only types in C; send m,
so the Bayes posterior after m is the posterior generated by o; in G|¢,, viewed as a belief in AO.
Second, skeptical payoffs are the relevant off-path benchmark. In any PBE, type 0 receives at least
u(0); conversely, after any unused message, the receiver can select a feasible belief and a compatible
payoff that give no type more than its skeptical deviation value.

Proposition 1. A sender strateqy o is a PBE strategy if and only if o is associated with an
individually rational partition Tl = {(Cy, 04, wy)}—; with wy > ... > wy. Furthermore, every
PBE strategy is associated with an individually rational partition with strictly decreasing payoffs
wp > ... > wr.

Proposition 1 reduces equilibrium to a partition problem. In any PBE, types can be grouped
by their equilibrium payoff, and these groups form the cells of a partition ordered from high payoff
to low payoff. Conversely, any IR partition with non-increasing payoffs can be supported as a PBE:
on-path messages receive the cell payoff, while off-path messages are assigned skeptical feasible
payoffs. A type cannot profitably deviate off path because its cell payoff is at least its skeptical
payoff; it cannot profitably deviate to earlier evidence because that evidence is unavailable in the
relevant residual game; and it cannot profitably deviate to later evidence because later cells receive
weakly lower payoffs.

Call a partition that is IR with non-increasing payoffs a PBFE partition. The following algorithm
is the partition algorithm with the PBE restrictions imposed at each step: the lower bound enforces
IR on the residual set, while the upper bound enforces non-increasing payoffs.

Algorithm 2: PBE Partition Algorithm
Let t :=1, Ry := 0O, and wy := o0;
while R; # ©
select a coalition (Ct, oy, wt) of Gy with wy € [maxger, u(f), wi—1];
halt with no output if there is none;
let Rey1:= Ry~ Cyand t:=1t+1;

end

Note that Algorithm 2 uses a stronger (but ultimately equivalent) version of IR: at step ¢, it
imposes w; > maxgep, u(f) rather than only w; > maxgec, u(f). For partitions with non-increasing
payoffs, this stronger condition does not change the set of completed partitions. It is also easier to
work with recursively: the admissible interval [maxae r, u(9), wt_l] depends only on R; and w;_1,
not on which candidate coalition (Cy, oy, w;) is being considered.

Lemma 1. Let Il = {(Cy, 04, wy)}_; be a partition of G with wy > -+ > wyp. Then Il is IR if and
only if

wy > max u(6 or every t.
t_aeRt*( ) f Y

Proof. The displayed condition implies IR because Cy C R;. Conversely, if IT is IR and 6 € Ry, then
0 € C; for some s > t, so u(f) < ws < w; by IR and non-increasing payoffs. Taking the maximum
over f € R; gives the displayed condition. O



Unlike the unrestricted partition algorithm, this algorithm may halt because no admissible
coalition payoff is available at some residual set. When it terminates, its output is exactly a PBE
partition. Since a PBE exists (see Lemma K.4 in the appendix), Proposition 1 associates it with
a PBE partition II with strictly decreasing payoffs. By Lemma 1, w; € [maxeeRi u(f), wt,l] for
every t, so Il is the output of a run of Algorithm 2. Hence at least one run terminates.

5 Coalition-Proof PBE

Fix a disclosure game G = (0, M, M, u°, V). For a partition Il = {(Cy, oy, w;)}; of G and w € R,

let
o) := |J &

t:wg<w

denote the set of types whose partition payoff is strictly below w.
Definition 9. Let Il be a partition of G.

(i) (C,5, W) is a blocking coalition of Il if (@) # @ and (C,&, W) is a coalition of the restricted
game Glog)-

(i) 1 is coalition-proof if it admits no blocking coalition.

A coalition-proof PBE partition is a PBE partition that is coalition-proof. A sender strateqy is a
coalition-proof PBE strategy if it is associated with some coalition-proof PBE partition.

Because the payoff correspondence V' may be multi-valued, the realized payoffs w; are part of
the equilibrium outcome rather than pinned down by the strategy; coalition proofness is accordingly
a property of the partition.

A PBE is a triple (o, u, r); its partition records the sender types’ equilibrium payoffs and the
evidence used by each payoff cell; and the associated sender strategy is obtained after the payoff
selection has been suppressed. When V' is multi-valued, one sender strategy may be associated
with more than one partition, so the statement that a strategy is coalition-proof is existential: it
means that the strategy has at least one coalition-proof partition and payoff selection. Accord-
ingly, uniqueness claims below concern cells and payoffs unless they explicitly state uniqueness of
strategies, beliefs, or receiver responses. B

A blocking coalition is an announced deviation: the types in C declare that they will switch to
strategy o, and if the receiver believes the announcement and updates accordingly after evidence
in X (o), the deviators obtain payoff w. The restriction to G|g(g) captures credibility: only types
whose partition payoff is below w would want to join or imitate the announcement. Among those
types, the announced evidence must be exclusive to the deviators and yield the common payoff w.

Unlike other belief-based refinements of PBE, our notion of coalition proofness allows the an-
nounced deviation to involve multiple messages at once, since it may be a mixed strategy. Further-
more, the announced deviation may include messages that are already on the equilibrium path.
This causes no ambiguity about who deviates: every on-path user of such a message participates
in the announced deviation (Lemma B.1).

The greedy selection defined below picks, at each step, the largest available coalition payoff,
so we introduce notation for the payoffs that coalitions of a restricted game can attain. For any
non-empty R C O, write

Wrg :={w € R|(C, 0,w) is a coalition of G| for some C' C R},
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the set of coalition payoffs attainable in the restricted game G|g. The following lemma guarantees
that the maxima appearing below are attained whenever they are taken over a non-empty set.

Lemma 2. For every non-empty R C O, the coalition payoff set Wg is non-empty and compact.

Definition 10. A partition Il = {(Cy, 04, w;)}—; of G is greedy if, for every t (with wo := 00),

wy = maX(Wt N [g}g&g{@(@), wt,l]),
t

where Wy is the coalition payoff set of Gy.

The definition is implemented by the same recursion as the PBE partition algorithm, with one
stronger selection rule: at each residual game Gy, the payoff must still satisfy the PBE bounds
maxger, u(f) < wy < w1, and among the payoffs in W, satisfying them it must be the largest. If
no such payoff exists, the run halts.

Algorithm 3: Greedy Partition Algorithm
Let t :=1, Ry := 0O, and wq := o0;
while R; # ©
select a coalition (Cy, oy, w;) of Gy with w, = max(Wt N [maxeeRt u(h), wt_l]);
halt with no output if there is none;
let Rey1:= R~ Cyand t:=t+1;

end

Proposition 2. A partition of G is a coalition-proof PBE partition if and only if it is greedy.
Consequently, a sender strategy is a coalition-proof PBE strateqy if and only if it is associated with
some greedy partition.

Proposition 2 says that the no-blocking condition is exactly the greedy selection rule. Suppose
that, at step t, the residual game G; contains a coalition that can do better than the payoff actually
assigned at that step, without exceeding the payoff of the previous cell. Such a payoff is attractive
exactly to the types still in the residual set: earlier cells already receive at least as much, while
every type in R; receives weakly less than w; and hence strictly less than the proposed payoff.
That coalition is therefore a credible announced deviation, hence a blocking coalition. Greediness
rules out precisely these deviations by assigning, at each residual game, the largest coalition payoff
compatible with the IR lower bound and the previous-cell payoff cap.

Proposition 2 is a characterization, not an existence result: every run of Algorithm 3 may halt,
in which case G has no coalition-proof PBE. Sufficient conditions for existence are the subject of
Section 6.

When no coalition-proof PBE exists, the greedy selection still identifies a natural fallback.
Compare PBE partitions coalition by coalition:

Definition 11. A PBE partition Il = {(Cy, 04, wi)}_; of G is lexicographically maximal if there
is no PBE partition II' = {(C}, ob, w})}E | and step t such that (C', 0", w,) = (Cs, 05, ws) for every
s <t and w; > wy.

Lexicographic maximality says the partition concedes payoff as late as possible: no PBE parti-
tion that agrees with it up to any step pays strictly more at that step.

11



Proposition 3. (i) Every disclosure game admits a lexicographically mazimal PBE partition.
(ii) Every coalition-proof PBE partition is lexicographically mazimal.

(i1i) A coalition-proof PBE exists if and only if some lexicographically mazimal PBE partition is
coalition-proof.

By Proposition 3, lexicographic maximality is the always-available relaxation of coalition proof-
ness: every coalition-proof PBE partition is lexicographically maximal, a coalition-proof PBE exists
exactly when some lexicographically maximal partition passes the blocking test, and the relaxation
still selects a PBE when coalition proofness fails, as in the example of Section 6.5 below. It is related
in spirit to the undefeated equilibrium of Mailath, Okuno-Fujiwara, and Postlewaite (1993), which
also selects by revisiting equilibrium payoffs one deviation at a time, although their environment
does not map into ours.

6 Existence of Coalition-Proof PBE

Fix a disclosure game G = (0, M, M, u°, V).

By Proposition 2, a coalition-proof PBE exists if and only if some run of Algorithm 3 com-
pletes. This section gives sufficient conditions for existence: first on the upper envelope v and
the message mapping M, then through a betweenness condition on v, then under cheap talk with
message completeness, and finally through payoff degradation, which leaves the upper envelope
unconstrained (Section 6.4). A further route, a maximally rich message space, is treated separately
in Section 7. Section 6.5 closes the section by delimiting the results: existence fails in a minimal
example, never fails with two types, and, under the main existence conditions, is unchanged when
blocking coalitions are themselves required to be stable.

The first three routes share a mechanism: they produce runs along which the residual maximum
max W is non-increasing, so the greedy window is never empty; degradation instead rebuilds any
coalition at any lower payoff, so the window is never empty even when the residual maximum
jumps. The reason the shape conditions are imposed on the upper envelope v, and not on the
entire correspondence V', is that greedy coalition formation is driven by the largest attainable
payoff; the degradation conditions of Section 6.4 instead constrain the lower envelope v, which
governs how far a coalition’s payoff can be pushed down. When V = {v} is single-valued, the
conditions reduce to the corresponding ones on v.

Some of our results establish essential uniqueness of coalition-proof PBE under the following
genericity condition, which requires distinct type sets to yield distinct pooling payoffs ﬁ(,u%)ﬁz

Definition 12. Game G is generic if the map C' +— @(,uoc) 1s injective on non-empty subsets C C O.

6.1 Quasiconcavity and Message Completeness

The first set of conditions that guarantee existence is quasiconcavity of the upper envelope v and
completeness of the message mapping.

SEach existence result restricts the upper envelope by a structural condition such as quasiconcavity or betweenness.
Functions of either kind are not closed under addition, hence do not form a vector space, so a measure-theoretic notion
of genericity such as prevalence (Hunt, Sauer, and Yorke, 1992) does not apply. We therefore use injectivity, which is
topologically generic: within each such class, under the || - ||c metric, the envelopes with C' + B(u2) injective form
an open dense set, since O is finite.
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Definition 13. The upper envelope U is quasiconcave (QC) if, for all p,u' € A® and X € (0,1),

A+ (1= A)p) > min{o(u), 9(1)},
and strictly quasiconcave (QC*) if the inequality is strict whenever pu # '

Definition 14. The message mapping is complete (M-C) if for allm,m’ € M there exists m" € M
with
P(m") = P(m)u P(m'),

where P(m) = M~1({m}) is the set of types that can send m.

Completeness of the message mapping, as in Bertomeu and Cianciaruso (2018), requires that
the family {P(m)|m € M} of all type sets that the message mapping can express is closed under
unions. That is, if some message means “my type is in A” and another means “my type is in
B,” then some message means “my type is in A or B.” Roughly speaking, message completeness
ensures that if a group of senders can form a coalition using multiple messages, then they can form
a coalition using a single message.

Under these conditions, the following lemma lets us restrict attention to “pooling” coalitions.

Lemma 3. Assume QC and M-C. For every coalition (C,o,w) of G there is a message m* with
P(m*) = C, and for any such m* the pooling triple (C, Jm*,ﬂ(,uoc)) s a coalition of G with

() > w.
Consequently, the largest coalition payoff in the game is the largest pooling payoff,

max We = max T(1p(my )

and every coalition attaining max Wg has a type set C' with ﬁ(u%) = max Weg.

Note that both QC and M-C are inherited by every restricted game G|g, because QC is an
inequality over all of A© and thus holds at beliefs supported on R, while the restricted preimages
remain closed under unions. Hence Lemma 3 applies to each restricted game as well.

Under these two conditions a coalition-proof PBE exists, and under genericity it is essentially
unique.

Theorem 1. If the message mapping is complete and U is quasiconcave, then a coalition-proof PBE
exists. If, in addition,

(i) v is strictly quasiconcave, then no run of Algorithm 3 halts, and every run produces a coalition-
proof PBE partition.

(ii) the game is generic, then the coalition-proof PBE partition is essentially unique: any two
coalition-proof PBE partitions of G have the same length T, the same cells Cy,...,Cr, and
the same payoffs wi, ..., wr.

The mechanism is a merging argument (Lemma D.1). A greedy run could halt at step ¢ only if
the largest coalition payoff of the residual game exceeded w;_1, the payoff just removed. Message
completeness would then merge the removed coalition with the better residual one into a single
pooling coalition, available one step earlier, and quasiconcavity would place the pooled payoff at
least at w;_1, hence exactly at w;—1. Under QC* the pooled payoff would instead be strictly higher,
which is impossible; under plain QC it would sit at w;_1 on a strictly larger type set, which selecting
a payoff-maximal coalition with the most types, or genericity, rules out. Removing a payoff-maximal
coalition therefore never raises the residual maximum, and the greedy recursion never stalls.
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6.2 Betweenness

We next strengthen the payoff restriction and, in return, impose no condition on the message
mapping. The strengthened restriction is betweenness: the payoff of a mixture lies between the
endpoint payoffs, or equivalently all upper and lower level sets of v are convex. It applies to a single-
valued payoff, so throughout this subsection V' = {v}; the two envelopes coincide, 7 = v = v, and v
is continuous by (A4). We impose single-valuedness because the disclosure papers whose existence
arguments use betweenness, Hart, Kremer, and Perry (2017) and Bertomeu and Cianciaruso (2018),
both work with a real-valued payoff.”

Definition 15. The payoff satisfies betweenness (B) if V. = {v} and v is both quasiconcave and
quasiconvex: for all p, 1’ € A® and X € (0,1),

min{o (), o)} < o0+ (1= ) < masc{o(), o(u) ).
It satisfies strict betweenness (B*) if, in addition, both inequalities are strict whenever v(p) # v(u').

Like QC, betweenness is inherited by every restricted game. Our first result shows that every
coalition attains the pooling value of its type set, even though a coalition may have to spread over
several messages when no single message is available to all of its types.

Lemma 4. Assume B. Then every coalition (C,o,w) of G satisfies w = v(ud).

Proof. In G|¢, the prior is the convex combination

H%: Z po(m) po (- | m),
meX (o)

with positive weights on the on-path posteriors. By (C4) and single-valuedness, each posterior in
this combination has value w. Applying B to that convex combination yields w < v(u%) <w. O

Since betweenness is inherited by restricted games, Lemma 4 applies in every restricted game
G|g- In a restricted game, exclusivity (C3) and its converse imply that every coalition type set is
a relative preimage Mp 1(X ). Thus any attainable payoff is the pooling value of such a preimage.
For every non-empty R C ©, write

* ,_ 0
v(R) = max o)
for the largest pooling value generated by a non-empty set of messages in the restricted game. The
maximum is over finitely many sets, and each relative preimage in the maximum is non-empty
because every message in Mp is available to some type in R.

The bound max Wg < v*(R) is immediate: every coalition (C,o,w) of G| has type set C =
Mp'(X(0)), so Lemma 4 gives w = v(ul) < v*(R). The content of the following lemma is that
this bound is attained.

Lemma 5. Assume B. For every non-empty R C O, the game G|r admits a coalition paying v*(R);
consequently max Wr = v*(R).

"Hart, Kremer, and Perry (2017) give a microfoundation: betweenness holds whenever the receiver’s expected
utility is single-peaked in her action at every belief, and for |©] = 2 it reduces to monotonicity of v along the simplex.
Their single-valued payoff is the receiver’s single-peaked reward as a function of the belief; Bertomeu and Cianciaruso
(2018) impose their convexity condition (CV), requiring the value of a merged belief to lie between the worst and
best values of its components, on a real-valued payoff.
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The proof runs the equilibrium machinery inside an auxiliary game whose message space is a
maximizing evidence set X*: that game has a PBE partition; quasiconvexity forces its top cell to
pay at least v*(R); and the top cell is itself a coalition of G|g.

Recall that showing existence of coalition-proof PBE amounts to showing that some run of
Algorithm 3 completes. That algorithm removes a highest-paying coalition from the residual game
Gy at each step; by Lemma 5, the highest coalition payoff available in G; is max W; = v*(R;). For
a run to halt, maximum coalition payoffs must rise at some step: the residual game Gyy; must
admit a coalition paying more than the one removed from G;. The next lemma shows that, if this
happens, the union of the type sets of the two coalitions is exactly the preimage of their combined
evidence, and its value equals the old maximum.

Lemma 6. Assume B. Let R C © be non-empty, let (C,o,w) be a coalition of G|g with w =
max Wg, and suppose R’ := R ~ C is non-empty and G|g admits a coalition (C' o', w") with
w' > w. Then

Myt (X(o)uX(d')) =Cuc’ and v(pd o) = w.

If in addition B* holds, no such configuration exists, so
max Wgr. o < max Wpg

whenever a coalition with type set C' attains max Wgr and R~ C # @.

Either strict betweenness or genericity rules this configuration out: under B* by the last part
of Lemma 6, and under genericity because C' U C” would be a type set distinct from C but with
the same value w, which Definition 12 forbids. In either case, removing a payoff-maximal coalition
never raises the residual maximum, so the greedy recursion never stalls.

Theorem 2. Assume B, and suppose that B* holds or that G is generic. Then:

(i) No run of Algorithm 3 halts, and every run produces a coalition-proof PBE partition, so a
coalition-proof PBE exists.

(ii) A partition of G is a coalition-proof PBE partition if and only if w, = max W, and wy < wy_;
for every t, where wg := o00.

If, in addition, G is generic, then the coalition-proof PBE partition is essentially unique: any two
coalition-proof PBE partitions of G have the same length T, the same cells Cy,...,Cr, and the
same payoffs w1, ..., wr.

Theorem 2 left open plain betweenness without genericity, where the argument is more delicate.
The equality case of Lemma 6 can now occur, so the choice among payoff-maximal coalitions
matters: removing one may leave a strictly better coalition in the residual game, which raises the
residual maximum and stalls the greedy recursion. To rule this out, at each step we remove a
payoff-maximal coalition whose induced prior is largest under a suitable ranking of the level set
{v = y} to which it belongs; the ranking is built so that a rise in the residual maximum would
expose a higher-ranked payoff-maximal coalition one step earlier, contradicting the selection. The
construction of this ordering (Lemma E.1) and the full argument are deferred to the appendix.

Theorem 3. Assume B. Then a coalition-proof PBE exists.
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6.3 Cheap Talk and Message Completeness

This section gives sufficient conditions for existence under message completeness together with
cheap talk, without assuming quasiconcavity of the upper envelope. Throughout, write n := |O)|.

Definition 16. The message mapping has cheap-talk copies (M-CT) if, for every m € M,
[{m’ € M| P(m') = P(m)}| > n.

Messages with the same preimage carry identical evidence, so choosing among them is cheap
talk. Any disclosure game can be augmented to satisfy M-CT by adjoining, for each message,
enough copies with the same preimage. The augmented game is again a disclosure game, and
M-CT is inherited by every restricted game, because the relative preimages of the copies coincide.

Our main tool is the quasiconcave closure of v, the smallest quasiconcave function lying above
it. The quasiconcave closure is the construction by which Lipnowski and Ravid (2020), who call it
the quasiconcave envelope, characterize the value of sender-optimal cheap talk; we apply it to the
disclosure upper envelope .

Definition 17. The quasiconcave closure of the upper envelope is the function 79¢ : A® — R given
by
v9(p) = max{l%iglnﬁ(pi) INe A({1,...,n}), p1,....pn € AO, > \ip; = /J,}.

The maximum is attained because T is upper semicontinuous by (A4) and the constraint set is
compact.

With cheap-talk copies, a coalition is no longer tied to a single posterior. A coalition on a type
set C' can spread its members across the n copies of a message and induce any decomposition of its
prior ,u% into posteriors. Because the members share a common payoff, such a splitting pays only
up to the value of T at its least favorable posterior, and the splitting that makes this least value
largest attains the closure FQC(M%). So under M-CT a coalition can reach 74¢ at any type set, and
together with message completeness this guarantees existence.

Theorem 4. If the message mapping is complete and has cheap-talk copies, then a coalition-proof
PBE exists.

The proof relies on a few key lemmas, proved in the appendix. It applies Theorem 1 to a
companion game whose upper envelope is already quasiconcave: the closure game G?¢, obtained
from G by replacing v with 7% (Lemma F.1). Two facts link the two games. First, no coalition of
G can pay more than v9¢ at its prior, since its common payoff is bounded by v at each posterior it
induces and the prior is a convex combination of those posteriors (Lemma F.2); this holds in any
disclosure game. Second, M-CT lets a coalition reach ©9¢ at its prior (Lemma F.3). So G and G4¢
have the same attainable coalition payoffs, in every restricted game. Message completeness now
does the structural work: v?¢ is quasiconcave by construction and G9¢ inherits M-C from G, so
Theorem 1 applies to G¢ and returns a coalition-proof PBE partition. By M-CT, each cell of that
partition is matched in G by a coalition with the same type set and payoff, so the partition carries
over to GG step by step and is a coalition-proof PBE partition there as well. The appendix gives the
construction.

A special case is pure cheap talk, where every message is available to every type and so carries no
evidence. Coalition proofness then selects the sender-optimal cheap-talk payoff 29¢(1") of Lipnowski
and Ravid (2020): the sender obtains it in every coalition-proof PBE, though the supporting
equilibrium need not be unique.
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Corollary 1. Suppose P(m) = O for every m € M and |M| > n. Then a coalition-proof PBE
exists and is essentially unique: every coalition-proof PBE partition consists of the single cell ©

with payoff vI°(u°).

6.4 Payoff Degradation

This section gives sufficient conditions for existence that leave the upper envelope T entirely un-
constrained. The common mechanism is payoff degradation: the ability to take any coalition and
lower its payoff while keeping its members. We first isolate this property in the definition below
and show that it alone makes every run of Algorithm 3 complete; we then give three conditions
that imply it. Write dp € AO for the point mass on 6, and vy := minag v for the minimum of
the lower envelope, attained because v is lower semicontinuous on the compact set A® by (A4).

Definition 18. The game G satisfies payoff degradation (PD) if, for every non-empty R C O,
every coalition (C,o,w) of G|r, and every w' € [vmin, W], the restricted game G|g admits a coalition

(C, o’ w').

Condition PD says that any coalition, in any restricted game, can be replaced by another with
the same members and any lower payoff down to the floor vpip.

Theorem 5. If G satisfies PD, then no run of Algorithm 3 halts; consequently G admits a greedy
partition, and a coalition-proof PBE exists.

Payoff degradation keeps the greedy recursion from stalling. At each step it selects a coalition
of the residual game G; whose payoff is the largest one available that lies between the highest
skeptical payoff maxgep, u(f) and the previous payoff w;_1; these two bounds keep the partition’s
payoffs individually rational and non-increasing. A run could halt only if no available payoff fell in
this window, that is, only if the largest coalition payoff of G; exceeded w;_1. Condition PD rules
this out: a coalition attaining the largest available payoff can be lowered to w;_; while keeping its
members, and w;_1 is admissible because it still clears the lower bound, having done so one step
earlier, and that bound only falls as types leave. So a valid selection always exists and the run
never halts. The appendix formalizes this argument.

Three conditions each guarantee PD. The first is a property of V' alone; the other two addition-
ally require the message mapping to have cheap-talk copies.

Definition 19. The sender has free disposal if v(p) = vmin for every p € AO.

Free disposal means that the common floor vy, is an available payoff at every belief, so the
sender can always be held down to it.

Definition 20. The correspondence V is decomposable if, for every q € A® and every w' €

[Vmin, D(q)],
q € conv{p € AO®| supp u C suppgq, w' € V(u)}.

Decomposability says that any belief at which the upper envelope is at least w’ is a convex
combination of beliefs, each supported within its support and each paying w’'.

Definition 21. The sender is revelation averse if v(dg) = vUmin for every 0 € O.

Revelation aversion means that the worst outcome for the sender is the receiver learning his
type, whatever the type is; it is a special case of decomposability.
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Proposition 4. In each of the following cases G satisfies PD; consequently, by Theorem 5, a
coalition-proof PBE exists:

(i) the sender has free disposal;
(ii) the message mapping has cheap-talk copies and V is decomposable;

(iii) the message mapping has cheap-talk copies and the sender is revelation averse.

The payoft-side condition lowers the payoff: under revelation aversion, moving a posterior toward
a point mass in its support drives the lower envelope down to vy, so by the intermediate-value
property some belief along the segment pays exactly the target. The cheap-talk copies then carry
these degraded beliefs, just as in Section 6.3: a coalition can spread its members across the copies
of a message and induce any splitting of its prior into posteriors, so it can place one degraded belief
on each copy while keeping the same members. Free disposal makes both steps unnecessary at
once, because the target payoff is already available at every posterior the coalition induces.

Free disposal is the stronger condition on the lower envelope. It fixes v at vy, everywhere,
whereas revelation aversion fixes it only at the degenerate beliefs §y, so free disposal implies reve-
lation aversion. The trade runs the other way for the message mapping: revelation aversion needs
the cheap-talk copies to carry the split toward the vertices, while free disposal needs no message
condition at all. Both routes leave the upper envelope v entirely unconstrained.

6.5 Non-Existence, Two Types, and Self-Enforcing Blocking

This section delimits the existence results in three ways. First, a minimal example shows that a
coalition-proof PBE can fail to exist even when the payoff is concave, single-valued, and continuous,
and even when cheap talk is available: the message conditions in Theorems 1 and 4, and the
quasiconvexity half of betweenness in Theorem 3, cannot simply be dropped. Second, non-existence
requires at least three types. Third, under the conditions of Theorem 1(i) or (ii), or of Theorem 2,
coalition proofness is unchanged if blocking coalitions are themselves required to be stable, which
addresses the natural objection that our one-shot test admits deviations that would in turn be
deviated from.

Example 3. Let © = {1,2,3} with a uniform prior, M = {a,b}, M(1) = {a,b}, M(2) = {a},
M(3) = {b}, and let V = {v} be single-valued with

v(p) == min{p1 + 0.9 p3, —0.1p1 +1.1pa +0.9 pg}.

As a minimum of two affine functions, v is concave and continuous. Type 1 holds evidence for
either camp; types 2 and 3 are each locked into one message. The relevant values are U(%, %, 0) = %,
v(%,O, %) = 0.4, v(d2) = 0, and v(d3) = 0.9: type 3 is revealed at a high payoff, but any group
containing it and reachable by the message mapping pays little.

Proposition 5. In Ezample 3, no coalition-proof PBE exists. Non-existence persists when the
game is augmented with cheap-talk copies of both messages. Consequently, concavity of the payoff,

continuity, single-valuedness, and cheap-talk copies are jointly insufficient for existence.

The mechanism is the one the greedy algorithm exposes: the best available coalition is {1,2}
pooling on a at payoff %, but removing it strands type 3 at the revealed payoff 0.9 > %, which breaks
the non-increasing payoff structure that any PBE requires; and no coalition containing type 3 can
pay more than % in the first place. In this example the lexicographically maximal PBE partition
of Definition 11 is the unique PBE structure ({1, 3},5,0.4), ({2}, a,0).

Non-existence needs the third type.
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Theorem 6. If |©| = 2, then every disclosure game admits a coalition-proof PBE.

The proof, in the appendix, uses only (A1)—(A4): either the largest coalition payoff is attained
by a coalition of both types, which then stands alone as a one-cell greedy partition, or it is attained
by a singleton, in which case either the leftover type fits under the cap, or the intermediate-value
structure of V' rebuilds a two-type coalition at the same payoff.

Finally, we revisit the definition of blocking. A blocking coalition is a one-shot objection: it is
not required to be immune to further objections. Call it self-enforcing when it is.

Definition 22. A blocking coalition (6’,5,&7) of a partition 11 is self-enforcing if it is the first
coalition of some coalition-proof PBE partition of G|e(w)-

A self-enforcing blocking coalition is an announced deviation that survives its own test: it is
part of a coalition-proof arrangement of the very types the announcement attracts. Requiring
self-enforcement could only shrink the set of objections and enlarge the set of surviving equilibria;
under our existence conditions it does not.

Proposition 6. Assume one of the following:
(a) T is strictly quasiconcave and the message mapping is complete;
(b) T is quasiconcave, the message mapping is complete, and G is generic;
(c) V is single-valued and U satisfies strict betweenness.

Then a PBE partition of G is coalition-proof if and only if it admits no self-enforcing blocking
coalition.

The economic content is a robustness check on the solution concept: under the conditions
that make coalition-proof PBE exist, the one-shot and the recursively credible notions of blocking
select the same equilibria, so nothing in our analysis depends on deviators naively ignoring further
deviations.

7 Rich Disclosure Games

In this section we consider the free-disclosure game of Titova and Zhang (2025). In that game, in
addition to the payoff-relevant type 6, the sender observes a payoff-irrelevant label = € [0, 1]; the
label space is partitioned by type, with the type-0 part having Lebesgue measure p°(6); messages
are Borel subsets of the label space; and a sender can send exactly those messages that contain his
realized label. Titova and Zhang (2025) define PBE for this game and show that, for finite ©, an
outcome is a PBE outcome if and only if it is receiver-obedient and individually rational for the
sender.®

What follows is a separate rich-message benchmark rather than a literal application of the
finite-message definitions above. The payoff-relevant type space remains finite, but the payoff-
irrelevant labels permit arbitrary fractions of each type to participate in a message, so coalitions
are represented by sub-measures rather than subsets of types. We use Titova’s characterization to
determine which outcomes a PBE can support and then apply the same greedy logic to the resulting
sub-measure problem. Thus the term coalition-optimal PBE below refers to the rich-game extension

8Receiver-obedience means that the receiver best-responds at each induced belief; in the reduced, belief-based
notation (see Lemma K.1 in the appendix), the induced sender payoff lies in V (1), and choosing v(u) is obedient.
Sender individual rationality is Definition 8 with skeptical payoff u(0) = v(dg).
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of coalition proofness: each selected sub-measure is payoff-maximizing on the current remaining
support, and no subgroup of that support can obtain a higher compatible payoff.

The payoff-relevant reduction is immediate. Choosing v(u) is receiver-obedient at belief y, and
complete label revelation can generate dg, so a coalition that maximizes T over the beliefs available
to its members gives each participating type at least ¥(dp) > v(dg). Sender individual rationality
and receiver obedience therefore hold automatically, and what remains is to determine which rich
message to assign at each step.

Rich messages are indexed by masses rather than type sets. For maps n,v: © — Rx>(, write
n < v ifn(d) < v(0) for every 6, and call ) a sub-measure of v. A sub-measure v < u° records how
much mass of each type remains. Richness means that every nonzero n < u® can be implemented
by a message available to exactly a fraction 7(0)/u’(6) of type-0 senders, and to no other senders.

Definition 23. A rich disclosure game fizes (0, u",v), where © is finite, u° € AO has full support,
and T: A® — R is upper semicontinuous. For each sub-measure v < p°, the restricted rich
disclosure game I'y, has remaining mass v and upper envelope v; I' 0 is unrestricted and T'g is
empty. A coalition of T', is a nonzero sub-measure n < v; it induces belief 1) := n/n(©) and payoff
(7).

For nonzero v, write A, := {u € A© : supp u C supp v}. Under richness, this whole face is the
set of feasible beliefs: any u € A, is induced by the sub-measure Ay at the largest feasible scale A,
and that scale exhausts at least one type (Lemma I.1).

Let p;, maximize v over A,; the maximum is attained because ¥ is upper semicontinuous and
A, is compact. Define the greedy increment

* * * ‘ i
779 = A (V) My A (V) = 0: HIP(1£>O u*((e))

This is the largest feasible sub-measure inducing a payoff-maximizing belief. It pays the highest
payoff any remaining coalition can obtain, and it retires a type. Existence then follows by repeating
this step until no mass remains.

Definition 24. A coalition-optimal partition of the rich disclosure game I’ 0 is a finite sequence of
coalitions m, . .., nr with residual sub-measures vy = ,uo and vy == 11 — 1y, exhausting the prior
(vr = 0), such that each n; is a coalition of Ty, ,, retires at least one remaining type, and attains
the largest remaining coalition payoff:

() W v(w).

Every coalition-optimal partition is automatically IR and payoff-ordered, and no subgroup can
improve on the chosen coalition. IR follows from dg € A,, | for every remaining type 6. A subgroup
can induce only another belief in the same face A,, |, so it cannot get more than the selected
maximum. Payoffs are non-increasing because these faces shrink as mass is removed. Unlike the
coalition-optimal equilibrium of Definition C.1 in the appendix, which imposes w; < wy_1 explicitly,
here this ordering follows from the requirement that each 7; retire a remaining type, so it need not
be imposed separately.

Given a coalition-optimal partition, we assign one rich message to each coalition n; and let
exactly that subpopulation send it. The message induces belief 7, and sender payoff (7). These
induced beliefs and payoffs satisfy the two conditions in Titova and Zhang (2025)’s characterization,
so they are supported by a PBE of the rich disclosure game. We call such a PBE coalition-optimal
because its induced partition is coalition-optimal.
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Proposition 7. In every rich disclosure game:
(i) a coalition-optimal partition exists;

(ii) the greedy increments above generate a coalition-optimal partition and reach 'y in at most
|O| steps;

(i5i) if U has a unique maximizer over A, for every nonzero v, then the coalition-optimal partition
1S UNIQUE.

Parts (i) and (ii) follow by iterating the greedy increment until no mass remains; part (iii) holds
because a payoff-maximal coalition must induce the unique constrained peak, and retiring a type
pins down its scale, so each increment is the greedy one.

The Tent Function

We close by expressing the sender’s ex-ante payoff in a coalition-optimal PBE as a function of the
prior. We call this function the tent of . Throughout this subsection, we assume the uniqueness
hypothesis in Proposition 7(iii): ¥ has a unique maximizer over each face. Write n := |©| and, for
every non-empty C' C O, let uf, be the unique maximizer over Ag = { € A® : suppp € C}.

Definition 25. (i) A nested chain is a sequence Cy 2 C1 2 --- D Cp—1 of subsets of © with
|ICj| =n—j, so Co=0 and Cn_1 is a singleton.

(it) A simplex decomposition of u € A© is a pair ((C;),w), where (Cj)?:_ol is a nested chain and
w = (wo,...,wn-1) € R™ is a weight vector such that w; > 0 for every j and Z?;& w; =1,
and

n—1
— . *
7=0

A nested chain records an order in which types can be retired one at a time. The greedy
construction of Proposition 7 produces such a decomposition of the prior u°; if a step retires
several types at once, the intervening sets in the chain receive zero weight.

Every belief 1 € A® admits at least one simplex decomposition.” The value assigned by a
decomposition does not depend on the decomposition chosen: uniqueness of the constrained peaks
already implies path independence. The proof rests on a consistency property of the peaks: if the
peak of a face is supported inside a smaller face, it is also the smaller face’s peak (Lemma 1.2).

Proposition 8. Any two simplex decompositions ((Cj),w) and ((C}),w’) of the same belief p yield
the same value:
3 ) = 3 ).
J J

The common value is the one assigned by the greedy construction of Proposition 7 run from vy :== p.

The proof shows that any nested decomposition of a sub-measure must begin with the greedy
increment: a type of the top peak that falls outside the next set in the chain pins down the first
weight, and induction handles the rest.

9Run the greedy construction of Proposition 7 from vg := p. Its increments have nonnegative masses that sum to
one, SO fi = Y, Wt Uiuppw, ., With supports supprp 2 --- 2 supp vr—1. Definition 25 asks for a chain that drops by
exactly one type at each step. When a step retires several types at once, or when p does not have full support, insert
the missing intermediate sets with weight zero.
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Definition 26. By Proposition 8, the tent of v is the function v**"*: A© — R given by
n—1
V() = 3wy )
§=0

for any simplex decomposition ((C;),w) of p.
Proposition 9. Assume the maximizer over A¢ is unique for every non-empty C C O.
(i) v (ug,) = v(ug,) for every non-empty C' C ©.

(it) For every nested chain (C;), every two weight vectors w and & for it, and every s € [0, 1],
Utent(Zj (swj + (1 - 8)%)#&) = SUtent(Zj w; M*cj) + (1 —s) vt (Zj wj M*cj)-

(iii) Any f: A© — R satisfying (i) and (ii) equals v*"*.

Properties (i) and (ii) are immediate from Proposition 8: every decomposition of y. has value
v(pg), and beliefs decomposed on a common chain have values linear in the weights. Property (iii)
says that these two properties pin down the tent; its proof peels off one positive weight at a time.

The coalition-optimal PBE induced by the greedy partition has a simple value formula. At
a stage whose remaining support is C, the selected belief is pf and the sender payoff is v(u).
Once zero-weight intermediate sets are inserted whenever a step retires more than one type, the
increment masses are the weights in a simplex decomposition of ;¥ so the sender’s ex-ante payoff
ig gptent (MO)

This formula places the rich-disclosure value next to two familiar benchmarks. The Bayesian-
persuasion value of Kamenica and Gentzkow (2011) is the concave closure of ¥ at the prior. The
sender-optimal pure-cheap-talk value of Lipnowski and Ravid (2020) is the quasiconcave closure of
v at the prior. The tent differs from both because the freedom that rich messages grant is exercised
ex post, after the sender knows his type. Each remaining group of sender types can induce any belief
on its current support, so the selected belief is the constrained maximizer p; the only remaining
question is how much mass can be assigned to that belief before some type is exhausted. Thus the
tent depends only on the constrained peaks v(ug,) and on the prior.

Figure 1 shows why there is no general ranking. With two types, suppose v is single-peaked
at p*. If the prior is exactly p*, both types can be assigned to the peak. If the prior has excess
mass of one type, all of the scarce type pools with just enough of the abundant type to induce u*,
while the leftover abundant type is revealed. Thus v*™ is linear between the peak value v(u*) and
the relevant endpoint value. When v lies below these two line segments, the tent coincides with
the concave closure and can dominate cheap talk. When v lies above them, the tent can be below
both Bayesian persuasion and cheap talk. The reason is that coalition-optimality is not an ex-ante
welfare criterion: types that can obtain the current constrained peak do so, even if this leaves other
types with low revealed-type payoffs.

Figure 2 gives the same construction with three types. The constrained peaks jif, for non-empty
C C © are the vertices used by the tent. A nested chain chooses one peak on each support size,
and the convex hull of those peaks is one simplex on which v*™ is affine. For three types there are
six such simplices; in general there are n!. Thus the rich game reduces the payoff calculation to the
values at the constrained peaks and the simplex in which the prior lies.
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; 1°(61) % 1°(61)

0 w(01) 1 0 w(6) 1
%" coincides with the Bayesian-persuasion value and %" is below the Bayesian-persuasion and cheap-talk
exceeds the cheap-talk value. values.

Figure 1: Binary examples. The horizontal coordinate is the prior probability p°(6;); the solid
black curve is ¥ and the dashed blue curve is v,

v

Figure 2: The tent with three types. For readability, y;; denotes u}‘ei 0,} and p; denotes u?oi}.

8 Comparison with Existing Literature

This section compares coalition proofness with three related selection concepts. Our main new result
concerns evidence games (Hart, Kremer, and Perry, 2017). There, the truth-leaning equilibrium
strategy is coalition-proof, so our sender-side refinement gives foundations for the receiver-optimal
prediction on the Hart—Kremer—Perry domain. We next consider Bertomeu and Cianciaruso (2018),
who adapt neologism proofness to disclosure; coalition proofness generalizes their refinement. We
then compare coalition proofness with the interim optimality of Koessler and Skreta (2023) and with
the earlier refinements based on coalitional deviations. Interim optimality is the weaker criterion:
on the rich-game overlap the two agree when there are two types with unique constrained peaks,
but their values differ once there are three.
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8.1 Evidence Games and Truth-Leaning

An evidence game (Hart, Kremer, and Perry, 2017) is a disclosure game with a particular message
technology and a payoff that satisfies betweenness.'? The message mapping is a preorder on types:
each type can reveal itself or any type below it.

Definition 27. An evidence game is a disclosure game (0, M, M, u°, V) such that:
o V satisfies B, i.e., V.= {v} with v quasiconcave and quasiconver;
e the message mapping has evidence structure, i.e., M = © and M : © — 2° < {@} satisfies

(L1) 6 € M(0) for every 8 € © (reflexivity);
(L2) if @ € M(0) and 0" € M(¢'), then 6" € M(0) (transitivity ).

Hart, Kremer, and Perry (2017) define truth-leaning equilibria as limits of equilibria of perturbed
games in which revealing the whole truth carries an infinitesimal advantage. By their Proposition 1
such equilibria exist, and each has the same outcome as an equilibrium satisfying the two conditions
below, which we therefore adopt as our definition.

Definition 28. A PBFE (o, u,r) of an evidence game is truth-leaning if
(A0) for every 0 € ©: if r(0) = max,,crr9) (M), then o(0]0) = 1;
(P0) for every off-path m € M: u(-|m) = 6p,.

Condition (A0) says that a type for whom the whole truth is optimal tells it; (P0) says that
an unused message is attributed to the type it names. Under reflexivity, (P0) beliefs are feasible
in our sense: only type m can be forced to send message m, so 0, € F(m), and a truth-leaning
equilibrium of the evidence game is a PBE of the disclosure game.

Having placed truth-leaning equilibria inside our framework, we can ask whether coalition proof-
ness selects them. We show below that on the evidence-games domain the outcome Hart, Kremer,
and Perry (2017) justify through the receiver’s commitment power is also one that no coalition of
sender types can credibly overturn, so coalition proofness gives a sender-side foundation for the
receiver-optimal prediction.

Proposition 10. Let G be an evidence game. Then the sender’s strategy in every truth-leaning
equilibrium is a coalition-proof PBE strategy; consequently, by the equivalence theorem of Hart,
Kremer, and Perry (2017), the receiver’s optimal-commitment outcome is a coalition-proof PBE
outcome of G.

Corollary 2. In a generic evidence game, every truth-leaning equilibrium and every coalition-
proof PBE induce the same cells and the same payoffs, and this common outcome is the receiver’s
optimal-commitment outcome.

The proof of Proposition 10, in the appendix, shows that a truth-leaning equilibrium has no
blocking coalition. Suppose one promised its members a payoff w above what they earn in equi-
librium. Betweenness identifies w with the value at the coalition’s pooled belief, so some member
0 has revealed-type value v(dp) > w. By truth-telling, that member reveals the whole truth in

19T Hart, Kremer, and Perry (2017), the receiver chooses a reward x € R, the sender’s payoff is z itself, and the
receiver’s expected utility is single-peaked in x at every belief; the unique peak v(u) is the sender’s payoff, which is
single-valued, quasiconcave, and quasiconvex.
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equilibrium, so its message already lies on the path. Betweenness then forces one of the coalition’s
on-path messages to be worth at least w; but that message is used by a later, lower-paying cell, so
the equilibrium assigns it strictly less, a contradiction.

Corollary 2 adds a generic converse and recovers the uniqueness that Hart, Kremer, and Perry
(2017) prove directly. Both results rest on betweenness. Where betweenness fails the two selections
diverge: receiver optimality forces maximal separation, while coalition proofness lets types pool
whenever pooling benefits them all. The equivalence is therefore special to evidence games, not a
property of coalition proofness in general.

8.2 Verifiable Disclosure and Neologism Proofness

On the common domain of belief-based payoffs, our coalition-proof PBE generalizes the Grossman—
Perry—Farrell equilibrium (GPFE) of Bertomeu and Cianciaruso (2018), a pure-strategy PBE that
admits no single-message self-signaling deviation. They characterize the GPFE through an algo-
rithm analogous to our Algorithm 3.'' The main difference is that we allow mixed strategies,
whereas a GPFE coalition must pool on a single message. Their definition cannot accommodate
cheap talk, nor the mixing that arises in the truth-leaning equilibria of Section 8.1. As a result,
they need stronger conditions for existence. For generic problems, they obtain a GPFE under a
betweenness-type convexity condition together with message completeness or a nested-reports con-
dition. A coalition-proof PBE, by contrast, exists under betweenness alone (Theorems 2 and 3),
under quasiconcavity with message completeness (Theorem 1), and under the further conditions
of Theorem 4 and Proposition 4. In their Example 7 the algorithm does not terminate and no
GPFE exists, though a coalition-proof PBE does. Finally, their payoff may depend on the message
itself, through disclosure costs or lemons discounts, which our belief-based payoff cannot represent;
conversely, our rich message spaces (Section 7) have no counterpart in their framework.

8.3 Other Selection Criteria Based on Coalitional Deviations

Other selection criteria in the spirit of neologism proofness (Farrell, 1993) include announcement
proofness (Matthews, Okuno-Fujiwara, and Postlewaite, 1991), undefeated equilibrium (Mailath,
Okuno-Fujiwara, and Postlewaite, 1993), and the equilibria of Grossman and Perry (1986). Each
allows a blocking coalition to form only through a single off-path message. Our blocking coalitions
may instead mix over several messages and may use messages already on the path.

Another coalition-based criterion is the interim optimality (IO) of Koessler and Skreta (2023),
in a model of information design by an informed designer.'? IO rules out credible deviations by
coalitions of types in any proportion, assuming a message is always available to include these types
and exclude the rest. It is thus related to our rich message spaces (Section 7), where both a
coalition-proof PBE and an IO mechanism always exist. However, 10 imposes looser constraints
than coalition proofness. In particular, the set of IO mechanisms is larger than our set of coalition-
proof PBE, and the ex-ante-preferred 10 mechanism is generally not coalition-proof. The reason is
that their mechanisms let types commit to mixing over messages they are not indifferent between,
and a type chooses whether to deviate knowing its type but not the realized message. In our rich
game, by contrast, an excluded type knows it is excluded when it evaluates a deviation.

" Their algorithm yields a GPFE when one exists, but it can terminate at a strategy that is not a GPFE, so
termination is necessary but not sufficient, unlike our Proposition 2.

12Their designer commits to a disclosure mechanism after learning her type, which relates that setting to verifiable
disclosure.
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A Proofs for Section 4

Proof of Proposition 1

Suppose first that o is supported as a PBE by (u, 7). Let u(0) = max,,¢c () 7(m) be the associated
equilibrium-payoff function defined above, and list its distinct values as wy > - -+ > wp. Define

T
Cr={0cOlu®) =w}, or:=ole, Re=|JC.
s=t

We claim that II = {(Ct,at,wt)}g;l is a partition. First, notice that the cells are non-empty,
disjoint, and cover O, and oy is a coalition strategy on Cy. It remains to show that (Cy, oy, wy) is
a coalition of Gy, i.e., it satisfies conditions (C3) and (C4), for each ¢. For (C3), note that every
m € X, satisfies r(m) = wy, because it is used on path by a type in C;. If some 6 € R; can send a
message m € Xy, then u(f) > r(m) = wy. But every type in R; = (J,~, Cs has equilibrium payoff
at most wy. Hence u(f) = wy, so € Cy. Therefore M, '(X;) C C;. For (C4), fix m € X;. Any
type that sends m € X; under o must have payoff w;, and hence belongs to C;. Thus the on-path
posterior (- |m) is the posterior generated by oy in G|¢,. Since PBE beliefs are Bayesian on path
and r(m) € V(u(-|m)), we get wy = r(m) € V(ug,(-|m)). Therefore each (Cy, oy, wy) is a coalition
in Gy, so Il is a partition with strictly decreasing payoffs.

It remains only to check IR. For every message m, u(-|m) € F(m) and r(m) € V(u(-|m)), so
r(m) > minye () v(v). Maximizing over m € M(0) gives u(f) > u(¢). Hence w; > u(0) for every
0 € Cy.
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Conversely, let IT = {(Cy, oy, wy) }1—; be an IR partition with wy > - -+ > w7, and let o = o'l. For
each off-path message m ¢ X (o), choose vy, € F(m) attaining min, ¢ () v(v) and set a,, := v(vi).
Then a,, € V(vp,) and a,, < u(f) for every 6 with m € M (6).

Define beliefs and payoffs by

po(-|m), m € X, for some t, wg, m € X; for some ¢,
pu(-|m) = r(m) =
Vin, m ¢ X (o), am, m ¢ X(0).

The constructed belief system p and payoff function r therefore satisfy the first three requirements
in the definition of o being a PBE strategy; it remains only to show that the sender is sequentially
rational. Fix 6 € C;. Every message in X;, and hence every message used by 6 under o, yields
payoff w;. Every message in any earlier evidence set X, s < t, is not available to 0, since that would
violate evidence exclusivity (C3) of the step-s coalition. Every message in any later evidence set
Xs, s > t, yields payoff ws < w;. Every off-path feasible message yields payoff at most u(0) < w;.
Thus, type 6 does not have profitable deviations and o is a PBE strategy. O

B Proofs for Section 5

Lemma B.1. Let II = {(C}, 04, w;) Y, be a partition of G with non-increasing payoffs wy > --- >
wr, and let (C,o,w) be a blocking coalition of I with evidence X := X (o). Then

M_l()z NXy)NC, C C for every t.

Proof of Lemma B.1

Let 7 := min{t| w; < w} be the lowest index such that types in C; U...U C-_; get at least w and
types in R, get strictly less than w. Such an index exists because ©(w) # &.

By the definition of a blocking coalition, (C,5,@) is a coalition of Gle(w), where O(w) =
Ui, < Ct = Rr. By evidence exclusivity of that coalition, we have M 1(X) = C, and thus
Mfl()ﬁ(/) AR, = C where C C R,.

Now, observe that for all ¢ < 7, we have XN X; = &. Indeed, suppose m € Xn X;. Since
m e)?, some type 0 € éhasmeM(G), and 9 € C C R, C Rii1 = Ry~ Cy. But m € X;
and exclusivity of the step-t coalition give Mt_l(Xt) = (%, so no type of Ry ~ C; can send m, a
contradiction. Hence M~1 (X N X,)NC, =@ C C.

For all t > 7, we have

M YXnX,)NnC, C M YX)NR,=C.

Proof of Lemma 2

Since G|p is itself a disclosure game and Wg is its set of coalition payoffs, it suffices to prove the
claim for R = ©; write W := Wg. Non-emptiness is Remark 1.

For each non-empty C C 0, let Coal(C) := {(o,w)|(C,0,w) is a coalition of G}. We show
that every Coal(C) is compact. Granting this, its image WW(C) under the continuous projection
(0, w) = w is compact, and W = [Jo W(C) is a finite union of compact sets, hence compact.

Fix C. The coalition strategies on C form the compact set S := [[yc AM(6), and every
coalition payoff lies in the interval I := [minae v, maxag v|, which is finite because, by (A4), v
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is lower semicontinuous and ¥ upper semicontinuous on the compact set A©®. Thus Coal(C) is a
subset of the compact set S x I, and it suffices to show that it is closed.

Let (o, wi) € Coal(C) with (ok,wr) — (0, w). The evidence sets X (o) take finitely many
values, so after discarding all but infinitely many terms, which leaves the limit unchanged, X (oy) =
X for all k. We claim (C,o,w) is a coalition of G. First, o is again a coalition strategy on C,
since the constraints defining S are preserved in the limit. Second, X (o) C X: if o(m|6) > 0,
then ox(m|6) > 0 for all large k, so m € X(ox) = X. Each (C, oy, wy,) satisfies exclusivity (C3),
so M~1(X) = M~} (X(o})) C C; with X(0) C X, this gives M~1(X(0)) C C, which is (C3) for
(C,o,w).

Third, fix m € X (o). The denominator p,(m) = Yy p&(0) o(m|6) is positive and p,, (m) —
Po(m), so the induced beliefs converge, pig, (-|m) — po(-|m). Since m € X(0) C X = X(oy),
condition (C4) for (C,op,wy) gives v(to, (-|m)) < wi < V(e (-|m)). Letting k& — oo, the
semicontinuity of the envelopes from (A4) yields w € V(us(-|m)). As m € X(o) was arbitrary,
(C,o,w) is a coalition of G, so (o,w) € Coal(C). Hence Coal(C) is a closed subset of S x I,
and therefore compact. Messages in X \ X (o) simply drop out of the limit coalition, since the
common-payoff condition is required only on the evidence actually used. O

Proof of Proposition 2

(<) Let II be greedy. By Definition 10, w; belongs to Wi N [maxger, u(6), w;—1] for every ¢t. Thus
wy < wy—q and wy > maxgep, u(f) for every ¢, so IT has non-increasing payoffs and is IR by Lemma 1.
Hence II is a PBE partition. B

Suppose, toward a contradiction, that (C,,w) is a blocking coalition of II. Let

7 :=min{t |w; < w}.

This index exists because ©(w) # @. Since payoffs are non-increasing, the cells with payoff strictly
below w are exactly Cr, ..., Cp: for s < 7, ws > w by minimality of 7, while for s > 7, ws < w; < w.
Hence ©(w) = R,. By the definition of blocking, (C, 7, w) is a coalition of G|g(z) = G-, so w € W;.
Moreover, w > w; > maxger, w(#), and w < w,;_; by minimality of 7 (with wy = oo if 7 = 1).
Thus

w e W, N [;relz}%xy(G), wT_l], w > wy,

contradicting Definition 10, which makes w, the maximum of this set.

(=) Let II be a coalition-proof PBE partition, and fix ¢. Since (C, o, w;) is a coalition of
Gy, we have wy € Wy. Since II is a PBE partition, its payoffs are non-increasing and it is IR; by
Lemma 1, w; > maxgep, u(f), and non-increasing payoffs give wy; < w;_;. Hence w; belongs to the
greedy constraint set at step t.

Suppose w; is not the maximum of that set. Then there is a payoff w € W; such that

0 _ .
wEWtﬂ[IGIéE;%CQ( ), wi—1], w > wy

Since w € W, there exists a coalition (C, o, w) of G;. For every s < t, non-increasing payoffs give
ws > wy—1 > w; for every s > t, they give ws < wy < w. Therefore O(w) = Ry # &. Since (C, o, w)
is a coalition of Gy = G|g(uw), it is a blocking coalition of II, contradicting coalition proofness. Thus
wy is the maximum of the greedy constraint set at every step, and II is greedy.

The strategy-level statement follows directly from the definitions: a strategy is a coalition-
proof PBE strategy if and only if it is associated with some coalition-proof PBE partition, and the
partition equivalence just proved is exactly equivalence with being associated with some greedy
partition. ]
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Proof of Proposition 3

(i) Fix an ordered sequence of pairwise disjoint non-empty cells covering O; there are finitely many
such sequences. For a fixed sequence (C1,...,Cr) with residuals Ry, the profiles {(oy, w;)}l,
for which {(Cy, oy, wt)}z;l is a PBE partition form a closed subset of a compact set: the strategies
range over the product of the compact sets [ [, AM (0) and the payoffs over the compact interval
[minae v, maxae 7); the coalition conditions are closed by the closedness argument in the proof of
Lemma 2, applied in each G¢; and non-increasing payoffs and (IR) are weak inequalities. Hence for
each cell sequence the set of PBE-partition profiles is compact, and the set of all PBE partitions is
a finite union of compacta, non-empty by Lemma K.4 and Proposition 1.

Construct IT recursively. Given a prefix (Cs, os, ws)s<; that some PBE partition extends (for
t = 1, the empty prefix), the constraint of agreeing with the prefix is closed, so across all extending
PBE partitions the step-t payoffs form a finite union of compact projections and attain their
maximum wy; append the step-¢ coalition of an extension attaining w;. Each step commits one
more non-empty cell, so after at most |O| steps the prefix is itself a PBE partition II. If some PBE
partition IT" agreed with II before step ¢ with wj > wy, it would be an extension of IT’s step-(t — 1)
prefix with a larger step-t payoff, contradicting the choice of wy = wy. Hence II is lexicographically
maximal.

(ii) Let IT be a coalition-proof PBE partition, hence greedy by Proposition 2, and let II' be a
PBE partition agreeing with II before step ¢. Agreement gives R} = R; and w,_; = w_1. Since IT'
is a PBE partition, Lemma 1 gives w; > maxgep, u(f), non-increasing payoffs give w; < w;_1, and
w;, € Wy. So wj lies in the greedy constraint set at step ¢, whose maximum is w; by greediness;
hence w; < wy, and no II" as in Definition 11 exists.

(iii) If some lexicographically maximal PBE partition is coalition-proof, a coalition-proof PBE
exists by definition. Conversely, a coalition-proof PBE partition is lexicographically maximal by
(ii). O

C Coalition-Optimal Equilibrium Partitions

This section develops an auxiliary strengthening of greedy partitions which we use to prove existence
theorems.

Call a sequence {(Cs, o5, ws)}z;ll (possibly empty) a prefix with residual R; if, setting Ry := ©
and Rgy1 := Rs\Cs, each (Cs, 05, ws) is a coalition of G5 and Ry # @. Initial segments of partitions
are prefixes; conversely, a prefix is an unfinished run of Algorithm 1. Call such a prefix greedy if
ws = max(W; N [maxger, u(f), ws—1]) at every step s (with wy := 0o). Every initial segment of a
greedy partition is a greedy prefix, and an unfinished run of Algorithm 3 is exactly a greedy prefix.

For m € M, let F(m) :={0 € ©| M(0) = {m}} be the set of types forced to send m.

Lemma C.1. Let R; be the residual of a prefixz. Then:
(i) for every m € My, every type forced to send m remains: F(m) C Ry;

(ii) for every m € My, the conditional prior on the residual senders of m is feasible: ,u%( €

F(m);

m)f"lRt
(i1i) Wy is non-empty and compact, and

max W; > maxu(6).
0ER,
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Proof. (i) Suppose 6 € F(m) N Cs for some s < t. Since M (0p) = {m} and @ # suppos(-|0r) C
M(0F), we have m € X, := X(05). As m € My, some 6§ € R; has m € M(0); then § € R; and
m € M(0) N X give § € M;1(X;) C Cs by exclusivity at step s, contradicting § € Ry C Rsy1 =
R~ Cs.

(ii) Write P; := P(m) N Ry, which is non-empty since m € M; and contains F'(m) by (i). Let
o be a strategy under which every type in P; sends m and every other type sends a message in
M (0) ~ {m}; this is possible because no type outside P; is forced to send m, by (i). The senders of
m are then exactly P, so pig(-|m) = p},, and hence u}, € F(m).

(iii) M; is non-empty, so G; admits a coalition by Remark 1 and W, # &; it is compact by
Lemma 2, so the maximum exists. Fix § € R, and m € M(0) C M;. Pooling on m in G, is a
coalition with type set P, = P(m) N R, and payoff w(u9, ), so by (i),

max W; > o(up,) > v(pp,) > min v(p).
] HEF(m)

Taking the maximum over m € M () gives max W, > u(6), and then the maximum over § € R;. [

Definition C.1. A partition 11 = {(Cy, 04, w;)}Y_; of G is a coalition-optimal equilibrium (COE)
partition if, for every t (with wy := 00),

w; = max W, and wy < Wy_1.

The maximum exists by Lemma C.1(iii). Unlike the greedy selection, a COE partition max-
imizes the payoff with no upper constraint and then requires the resulting sequence to be non-
increasing.

Lemma C.2. (i) Every COE partition of G is a greedy partition, hence a coalition-proof PBE
partition.

(i) A greedy partition of G is a COE partition if and only if max W, < wy_1 for every t.

Proof. (i) Let II be a COE partition and fix ¢. The initial segment through step ¢t — 1 is a prefix
with residual Ry, so by Lemma C.1(iii), w; = max W; > maxpep, u(0), and w; < w1 by definition.
Hence w; lies in the greedy constraint set W, N [maxgpep, u(#), wi—1] and equals the maximum of
Wi, which contains that set; so wy is the maximum of the constraint set, and II is greedy. By
Proposition 2, II is a coalition-proof PBE partition.

(ii) Let IT be greedy. If II is COE, then max W; = wy < wy_; for every t. Conversely, suppose
max W, < wy_; for every t. By Lemma C.1(iii), max W, > maxgpep, u(f), so max )V, lies in the
greedy constraint set, whose maximum is therefore max W; itself; by greediness wy; = max W, and
w; < wy—1 holds since w; lies in the constraint set. So II is COE. O

D Proofs for Section 6.1

Proof of Lemma 3

Consider coalition (C, o, w) of G. By exclusivity of evidence, M ~1(X(0)) = C. Tterating M-C over
the finite set X (o) delivers message m* with P(m*) = U,,ex(,) P(m) = M~Y(X (o)) = C. By
Remark 1, the pooling triple (C,¢o™ ,w') is a coalition for every w’ € V(ul), in particular, for
w' = T(ud).-
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Next, in G|¢, the prior u2 is a linear combination of the posteriors i, (-|m) induced by o at
the messages m € X (o), with weights py(m) > 0 summing to one. Iterating QC gives

—/ 0 > . T (- >
v(ue) = mgl)lg(lg)v(ﬂ (-m)) = w,

where the last inequality follows from the common-payoff condition (C4) for coalition (C, o, w).
For the identity, every pooling payoff E(u%(m)) is itself a coalition payoff by Remark 1. Also,
by the first part of this proof, every coalition (C,0,w) satisfies w < v(ul) = @(,u%(m*)), where
P(m*) = C. Hence the largest coalition payoff is max We = max,,c pm E(u%(m)), and any coalition
attaining it has v(pd) = max We. O
The following merging lemma is used in the existence and essential-uniqueness results below.

It shows that, under QC* or genericity, removing a coalition that attains max Wpg cannot raise the
largest coalition payoff on the residual types R~ C.

Lemma D.1. Assume QC and M-C. Let R C © be non-empty, let (C,o,w) be a coalition of G|r
with w = max Wg, and suppose R' := R~ C' is non-empty and

max Wg > max Wg.

Then there is a coalition of G|r whose type set C satisfies C' C C and whose payoff is w; moreover
v(pd) = W(u%) =w. If QC* holds, or if G is generic, this configuration is impossible; that is,

max Wgr. o < maxWpg

whenever a coalition with type set C attains max Wgr and R~ C # &.

Proof. Since QC and M-C are inherited by restricted games (Section 6.1), Lemma 3 and Remark 1
apply in G|g and G|g/; the sets Wy and Wy are non-empty and compact by Lemma 2, so both
maxima exist.

By Lemma 3 in G|g, there is a message m” with P(m”) N R = C and v(ul) € Wg; since
w = max Wk, this gives 5(ul) = w. Let (C’,0’,w’) be a coalition of G|p with w’ = max Wg; by
Lemma 3 in G|g/, there is a message m with P(m) N R’ = C’ and 5(ud,) = w'.

Apply M-C in G|g to m” and m: there is a message m’ with

P(m')NR=(P(m")NR)U (P(m)NR)=CU(C'U(P(m)nC))=CUC =:C,

using P(m)NR = (P(m)NR)U(P(m)NC) = C'"U(P(m)NC). Since C' is non-empty and disjoint
from C, we get C' C C. By Remark 1 in G|g, (C, o™, @) is a coalition of G|z for every w € V(,u%).
Since C' and C’ are disjoint and non-empty,

°(0)
uo(C

=

pE=Apg+ 10 =N pg, A= € (0,1).

~—

By QC,
B(u%) > ming5(ul), 5(64)} = min{w, v’} = w,
while @(u%) € Wk gives E(M%) < w. Hence E(u%) = w and (C,0™ ,w) is the required coalition.
Under QC*, the conditional priors ,u% and ,LLOC, have disjoint supports, so MOC # ,u%, and the QC
inequality is strict; then ﬁ(u%) > w, which contradicts U(,u%) < w. Under genericity, W(,u%) =w=

5(;1%) gives cC=C , which contradicts C' C C. In either case max Wpg > max Wkg is impossible. [J
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Proof of Theorem 1

Existence. Assume M-C and QC. We construct a COE partition recursively. Let Ry := ©. Given
a non-empty residual set R;, the maximum max W, exists by Lemma C.1(iii). Let (Cy, oy, w) be
a coalition of Gy with w; = maxW, and C; of largest cardinality among the type sets attaining
max W;. Each step removes a non-empty cell, so the recursion stops and returns a partition II with
wy = max W, at every step.

We claim w; < wy—1 for every t > 2, so that II is a COE partition. Suppose not, so
max Wy = wy > wi_1 = max W;_1 at some step. Apply Lemma D.1 with R = R;_1, the coali-
tion (C¢—1,01—1,w-1), and R\ Cy—1 = Ry: since wy—; = maxW;—1 and max W, > max W1,
it gives a coalition of G;_1 with payoff w;_; and type set C' 2 Cy_;. This contradicts the choice
of C,—1 as a type set of largest cardinality attaining maxW,_;. Hence II is a COE partition, so
by Lemma C.2(i) it is a coalition-proof PBE partition and o'! a coalition-proof PBE strategy; in
particular a coalition-proof PBE exists, proving existence.

(i) Assume M-C and QC*. We show by induction on ¢ that every greedy choice satisfies w; =
max Wy. Suppose ws = max Ws for every step s < t of a greedy prefix, and let R; # @. We first
bound max W; from above by wy_1. If t > 2, apply the QC* case of Lemma D.1 with R = R,
and the step-(t — 1) coalition. By the inductive hypothesis this coalition attains max W;_1 = wy_1,
so the lemma gives max W, < w;_1. If t = 1, the bound max W, < wg = oo is trivial. For the lower
bound, Lemma C.1(iii) gives max W, > maxgepr, u(f). The two bounds place max W; in the greedy
constraint set Wy N [maxgep, w(f), wi—1]. This set is non-empty, and its maximum is max W;. So
every greedy choice at step t takes w; = max W,, which completes the induction.

Since the greedy constraint set is non-empty at every step, no run of Algorithm 3 halts. Each
run removes a non-empty cell, so it terminates in a greedy partition. By Proposition 2, that greedy
partition is a coalition-proof PBE partition.

(ii) Assume M-C, QC, and genericity. The induction in (i) goes through with the genericity
case of Lemma D.1 in place of the QC* case, so every greedy partition again has w; = max W,
at every step. Let II and IT' be greedy partitions; we show by induction on ¢ that they have the
same residual sets and cells. Suppose R; = R}, which holds for ¢ = 1. If both are empty, the two
partitions both have length ¢ — 1. Otherwise both continue, with w; = wj; = maxW;. By the last
claim of Lemma 3 applied in Gy, the cells satisfy @(u%ﬁ) = max W; = U(u%;), so Cp = C} because
G is generic, and then Ry = R . Hence II and II' have the same length, cells, and payoffs.
By Proposition 2 the coalition-proof PBE partitions are exactly the greedy partitions, so any two
coalition-proof PBE partitions of G have the same length, cells, and payoffs. O

E Proofs for Section 6.2

Proof of Lemma 5

Let X* C Mp attain v*(R) and set C* := M, ' (X*). Consider the auxiliary game
G = (C*, X*, M, p , Vor),  M'(0) := M(0) N X*.

Note that G’ is a disclosure game: by construction every type in C* can send some message in X*,
and every message in X* is available to some type of C*; the remaining assumptions are inherited
from G. However, G’ is not simply a restricted game of G, because its message space is set to X*
rather than M+, so some messages available to types in C* are not available in G’. Nevertheless,
the definitions and equilibrium results apply to it.
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Every disclosure game has a PBE partition with decreasing payoffs (Lemma K.4 and Proposi-
tion 1); applied to G’ this gives a partition {(Cr,d,,w,)}*_; with @w; > -+ > w,. Each cell is a
coalition in a residual game of G’, so Lemma 4 gives w, = v(,u% ). Since the cells partition C*,

g
0 1 (Cr) o
e =5 He
— pO(C*) "
is a convex combination with positive weights. From quasiconvexity of v, we get

v*(R) = v(pd) < max @, = .
T

Next notice that (Cy,d1, @) is a coalition of G|z. Conditions (C1), (C2), and (C4) carry over
because o uses only messages in M’'(6) C M(#) and induces the same posteriors when viewed in
G|gr. For exclusivity in G|g, take 6 € R with M (0) N X (o1) # @. Since X (o1) € X*, this type lies
in C*; then M'(0) N X (01) # &, so exclusivity of the first cell in G’ places 6 in C;. Thus w; € Wg.
Combining the inequalities,

wy < max Wg < v*(R) < wy,

so (C1,51, 1) is a coalition of G| paying v*(R). O

Proof of Lemma 6
First identify the type set generated by the combined evidence. Preimages distribute over unions:
My (X (o) U X(0) = Mz (X (o) U Mz (X (o).
The first term is C' by exclusivity and its converse. For the second term,
Mz (X(0) ~ C = Mg!(X(o")) = C',

and hence M (X (0")) € C'UC’. The union is therefore exactly C'UC’.
By Lemma 4, v(pd) = w and v(ul,) = w' > w. The sets C and C’ are disjoint and non-empty,

0
0 0 0 (%)
pouer = Mic + (1= MNper, A= B(C U0

SO
€ (0,1).

The quasiconcave half of B gives
V(o) = minfw, '} = w,
On the other hand, C U C’ is a relative preimage in G|g, so Lemma 5 gives
v(pd o) < v*(R) = max Wg = w.

Thus v(pd o) = w.

If B* holds, the same convex combination must satisfy the strict quasiconcave inequality, because
v(pd) =w #w' = v(u%,). This would give v(,u%uc,) > w, contradicting the equality just proved.
Therefore no coalition of G|/ can pay more than max Wkg. O
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Proof of Theorem 2

We first prove the bound on residual maxima that drives the argument. Let a coalition of G|r with
type set C attain max Wg, and let R’ := R~ C be non-empty. We claim that

max Wg' < max Wkg.

Under B* this is exactly the strict-betweenness conclusion of Lemma 6. Under genericity, suppose
instead that G|g admits a coalition (C’,0’,w') with w’ > w := max Wg. By Lemma 6, the union
C U’ is a relative preimage in G|r and

v(kguer) = w.

Also, Lemma 4 gives v(u%) = w. Genericity therefore forces C' U C' = C, which is impossible
because C’ is a non-empty subset of R~ C. This proves the bound.

Part (i). We show by induction that every greedy choice takes the unconstrained maximum
in the current residual game. Suppose this holds before step ¢, and let Ry # @. If t > 2, the
step-(t — 1) coalition attains max W;_; by the induction hypothesis, so the bound above gives

max Wt S Wt—-1-

For t = 1 this upper bound is vacuous because wg = co. The lower bound is the standard one: by
Lemma C.1(iii),

max W; > max u().
0€ R

Thus max W; belongs to the greedy constraint set

wWin [gggu(ﬁ), w—1],
and it is the maximum of that set. The greedy choice at step t therefore has w; = max W,
completing the induction.

The constraint set is non-empty at every step, so no run of Algorithm 3 halts. Each run
removes a non-empty cell and therefore terminates in a greedy partition. By Proposition 2, every
such partition is a coalition-proof PBE partition.

Part (ii). If a partition satisfies wy = maxW; < w;_1 at every step, then it is a coalition-optimal
partition in the sense of Definition C.1. By Lemma C.2(i) it is greedy, and by Proposition 2 it is
a coalition-proof PBE partition. Conversely, any coalition-proof PBE partition is greedy. Part (i)
gives wy; = max W, at every step, and the inequality w; < wy_1 is part of the greedy constraint.

Uniqueness under genericity. Let IT and IT' be coalition-proof PBE partitions of a generic
game. They are both greedy by Proposition 2. We prove by induction on ¢ that they have the same
residual sets, payoffs, and cells. At ¢ = 1 the residual sets and previous payoffs agree. Suppose they
agree at step t. If the common residual set is empty, both partitions have length ¢ — 1. Otherwise
both continue, and greediness gives the same payoff:

wy = wy = max(Wt N [%%XQ(G), wt_1]>.
t

By Lemma 4,
v(ng,) = we = wy = v(ugy),

so genericity gives C; = Cf. Hence Ryy1 = R;,, and the induction continues. The two partitions
have the same length, cells, and payoffs. ]
The proof of Theorem 3 rests on the following ordering of each level set of v.
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Lemma E.1. Assume B and fir y € R. Write L := {u € AO|v(p) =y}, LT := {v > y}, and
L= :={v < y}. There is a complete and transitive relation > on L such that:

(i) Ifr e L,ue LT, a€(0,1), and z :== ax + (1 — a)u € L, then z > x.

(i) If o € L and i = Yo pir 45 a convex combination with positive weights of beliefs . €
LUL™, then pu; € L and p, = i for some T.

Proof. We use the following proper-separation fact. If two non-empty convex sets A, Ay C R are
disjoint, then their relative interiors are disjoint, so there is an affine functional h with A < 0 on
A1, h >0 on Ag, and h not identically zero on Ay U Ay (Rockafellar, 1970, Theorem 11.3).

The order is constructed recursively on convex subsets of the simplex. Fix a non-empty compact
convex set F' C AO and write

Sp:=LNF, Up:=LTTNF, Brp:=L " NF.

Under B, these three sets are convex; so are LT := {v > y} and L™ := {v < y}. We prove, by
induction on the affine dimension d of F', that there is a complete and transitive relation > p on
Sp satisfying (i) and (ii), with (Sp,Up, Br) in place of (L,L*",L™7). The lemma is the case
F = A0. If Sp = @, there is nothing to order, so assume Sp # &.

Base case d = 0. Then F is a singleton. Declare its points indifferent. Condition (i) is vacuous,
because it would require the singleton to lie in both Sp and Up, and (ii) holds because every belief
in the decomposition is the singleton.

Inductive step. Let d > 1 and assume the claim for all non-empty compact convex sets of affine
dimension below d. In each case, we define a rank p on Sr. Points with different ranks are ordered
by the rank. Ties are resolved inside lower-dimensional slices: for each rank value r, we choose a
compact convex set F, C F' of affine dimension below d that contains every point of Sp with rank
r, and set

rrpa <= plx)>p() or (p(x)=pa)=r and z=p 2).

The inductive hypothesis supplies the order on each slice, so = is complete and transitive.

Case 1: Up = Br = @. Declare indifference; (i) is vacuous and (ii) holds with any pu., all of
which lie in Sp.

Case 2: Up # &, Bp = @. Separate the weak lower set L™ N F' from the strict upper set Up.
Thus there is an affine h with h <0 on L™ NF, h > 0 on Up, and h not identically zero on their
union. Put p := h on Sp and F, := {z € F|h(xz) = r}. The functional h is non-constant on aff(F'):
if it were constant on F', its value would be both non-positive on Sg and non-negative on Ug, hence
zero, contradicting proper separation. Each slice is therefore lower-dimensional.

For (i), write z = az + (1 — a)u with x,z € Sp and v € Up. Then

h(z) — h(z) = (1 — @) (h(u) — h(z)) > 0.

If the inequality is strict, then z = x by rank. If it is an equality, then x,z,u € Fp, and the
inductive version of (i) inside Fy gives z > .

For (ii), all beliefs in the decomposition lie in Sg, because Br = &. If some component has
h(pr) > h(@1), it is ranked above fi. Otherwise every component has h(u,;) < h(f), and the affine
identity

Z arh(pr) = h(f)
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forces all components to have the same value r := h(f). They all lie in F}., so the inductive version
of (ii) in F). applies.

Case 3: Up = @, Br # @. Separate the strict lower set Br from the weak upper set L™ N F.
Let h be affine with h < 0 on Bp, h > 0 on L™ NF, and not identically zero on their union. Define p
and the slices as in Case 2. The same argument shows that h is non-constant on aff (#"). Condition
(i) is vacuous because Up = @.

For (ii), at least one component of the decomposition lies in Sp. If all components lay in Bp,
the quasiconvex half of B would give

o(f) < maxo(r) <y,
T

contradicting i € Sp. Let r := h(j1). If some component in Sg has h(u,) > r, it works. Otherwise

every term in
ZO‘T (h(uT) — 7") =0

is non-positive: this is true for pu, € Sp by assumption and for pu, € Bp because h(pu,;) < 0 < 7.
Hence all terms vanish, every component lies in F)., and the inductive version of (ii) in F applies.

Case 4: Up # @ and Br # @. Now both strict sides are present, so one separator is not
enough. Take affine separators a and b, each proper in the sense above, such that

a<0Oon L NF, a>0onUp, b<0on Bp, b>0on LTNF.
On Sr we have a <0 < b. For X € [0, 1], put
hy :=Xa+ (1 —\)b.

Then hy > 0 on Up and hy < 0 on Bp. Call x € Sp degenerate if a(z) = b(z) = 0; otherwise
b(xz) — a(z) > 0. Define

b(x)

p(x) = b(z) — a(z) € [0,1] for non-degenerate z, p(z) :=1 for degenerate x.

A direct calculation gives, for non-degenerate r € Sp,

ha(z) = (p(z) — A) (b(z) — a()).

Thus the sign of hy(z) is the sign of p(x) — A\, while every degenerate point has hy(x) = 0 for all A.
Let
Fy = {{E S F|h>\(l’) = 0}.

Every point of Sgp with rank A lies in F, with degenerate points placed in Fj.

We now check that every relevant slice is lower-dimensional. This is the only place where
semicontinuity is used. Because v is upper semicontinuous, L™~ is relatively open in A©; since Bp
is non-empty, aff (Bp) = aff (F). Fix A with F\NSr # @. If hy were constant on F', then evaluating
it at a point of F\ would make the constant zero. For A € (0, 1), the equality Aa + (1 — X\)b =0 on
Br, together with a < 0 and b < 0 there, would force a = b = 0 on Bp. Since aff(Bp) = aff (F'), b
would vanish on all of aff (F'), contradicting proper separation for b. For A = 1, the same argument
uses proper separation for a; for A = 0, it uses proper separation for b. Hence h) is non-constant
on aff(F'), and F) has affine dimension below d.

For (i), put A := p(z). Then hy(xz) =0 and

hxa(z) = (1 — a)hyr(u) > 0.
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If hy(z) > 0, then z has rank strictly above A = p(z), so z >=p z. If hy(2) = 0, then z, z,u € Fj.
Any strict rank increase already proves the claim; otherwise the tie is resolved inside F), where the
inductive version of (i) gives z > =.

For (ii), first note as in Case 3 that some component lies in Sp. Put A := p(ji), so hy () = 0.
If some component in Sr has rank above ), it works. Otherwise every component in Sp has
non-positive hy value, and every component in By has non-positive hy value as well. Since

ZaThS\(NT) = hy(g) =0,

all these values are zero, so every component lies in F. The inductive version of (ii) in Fy gives a
component i« € Sp; with pr« =g . This component is weakly above i in the order on F', either
by a higher rank or by the tie-breaker in Fy. This completes the induction. O

Remark (two separators are necessary in Case 4). Under plain B a level set of v can be full-
dimensional, and a single separator need not order it in the way property (ii) requires. With three
types, take v = hop, where p(u) := u(61)/(14+p(02)) is monotone along segments and h is monotone
with a plateau. Then v is continuous, single-valued, and satisfies B, but at the plateau value the
level set is a pencil of lines through a point outside the simplex. A single separator can assign
a strictly larger value to a point in L™~ than to a point in L, so ranking only by that separator
violates property (ii). The interpolation hy = Aa + (1 — A\)b in Case 4 is what restores the needed
ordering. Under B* every level set is a hyperplane trace and a single separator suffices.

Proof of Theorem 3

We construct the desired partition recursively. Let R; := ©. Given a non-empty residual set Ry,
set w; := max W;; this maximum exists and is attained by Lemma 5. Among the coalitions of G}
attaining wy, choose one whose prior is maximal under the relation from Lemma E.1 on the level
set {v = w;}. Such a choice exists because only finitely many type sets, and hence only finitely
many priors, can arise. Call the selected coalition (Ct, oy, wy) and set Ry := Ry . Cy. Since each
step removes a non-empty cell, the recursion returns a partition IT with w; = max W; at every step.

It remains to show that these payoffs do not increase. Suppose, toward a contradiction, that
Wet1 > ws for some step s. Write

Y = W, L:={v=y}, LT = {v >y}, L ={v <y}

By Lemma 4, '“%5 € L and MOC’S+1 € LTT. Since the step-s coalition attains max W;, Lemma 6
applied in G gives

D:=C, Ul = Mésl (Xs U Xs+1) and U(N%) =Y

and pu% = oz,uocs +(1- O‘)MOCSH with o := p0(Cy) /(D) € (0,1).
Now form the auxiliary game on this union and this combined evidence:

G' = (D, Xy U X1, 0~ M(0) N (X5 U X,41), 1}, Vp).

It is a disclosure game by the same checks used in Lemma 5: every type in D can send some
message in Xg U Xg41 because D is the relative preimage, and every message in Xg U X 41 is on
path in one of the two coalitions and hence is available to some type in D.
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By Lemma K.4 and the strict-payoff form of Proposition 1, G’ admits a PBE partition
{(07,57—,@7)}511

with
Wy >+ > W

Lemma 4 gives w, = v(,u% ) for every 7, and the cells partition D, so

.

pd = Z BT,LL% with all 5, > 0.

As in Lemma 5, the first cell (51, o1,w1) is a coalition of the original residual game G. Hence
w1 < maxWs = y. On the other hand, the quasiconvex half of B applied to the last convex
combination gives

y=o(ud) < Hlj}X’@r = wj.

Therefore wy = y, and strict decrease gives w, < y for all 7 > 2. Equivalently, u% € L and
1

u% € L7 for 7 > 2.
Apply Lemma E.1 at level y. Property (i), with x = ,uOCS, u = ,u%sﬂ, and z = uY, gives

wh = s,
Property (ii), applied to the decomposition u% =5 67/1% , gives a cell on the level set whose

prior is weakly above ,uOD. Since the auxiliary partition has strictly decreasing payoffs, the only cell
on level y is the first one. Thus

HE, = 1D = e,
But (51, o1,y) is a coalition of G4 attaining max W;, so this contradicts the choice of (Cs, 04, ws)
as maximal in the level-set order among payoff-maximal coalitions at step s.
Hence wy < wy—1 at every step. The constructed partition is a COE partition (Definition C.1),

so by Lemma C.2(i) it is greedy. By Proposition 2, it is a coalition-proof PBE partition. Therefore
a coalition-proof PBE exists. O

F Proofs for Section 6.3

The proofs build an auxiliary game from the quasiconcave closure v%°.

Lemma F.1. (i) 9% is upper semicontinuous and quasiconcave, {09 > y} = conv{v > y} for
every y, and vi¢ > v;

(i3) the qc-closure of G, G% := (0, M, M, u°, V9¢) with V(1) := [minpe v, v%(u)], is a disclo-
sure game with upper envelope v9¢;

(i1i) if G satisfies M-C, then so does GI°.

Proof. (i) ©%¢ is the quasiconcave envelope of ¥ (Lipnowski and Ravid, 2020): by their Theorem 2 it
is upper semicontinuous and quasiconcave, and by their securability characterization (Corollary 1)
{v%¢ > y} is the closed convex hull of {z > y}. The two remaining points are immediate: 79¢ > ©
because p; = p is admissible in Definition 17, and that closed convex hull equals conv{z > y}
because {v > y} is compact (T upper semicontinuous by (A4)).
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(ii) The interval V¢(u) = [minae v, v9°(p)] is non-empty and compact, as minae v < v(u) <
v(p) < v2(p). It is upper hemicontinuous in u: given an open U O V9(u), compactness gives
e > 0 with [minag v, 9%(u) + €) C U, and upper semicontinuity of 79 keeps V¢ inside U near
w. Hence G9° satisfies (A4); it inherits (A1)—-(A3) from G, its upper envelope is 79¢, and its lower
envelope is the constant minag v.

(iii) M-C depends only on (©, M, M), which G shares with G. O

Lemma F.2. For every non-empty R C © and every coalition (C,o,w) of G|g,
w < T(py).

Proof. For each m € X (o), condition (C4) gives w € V(us(-|m)), and hence v(pus(-|m)) > w. The
prior pd =Y, X(0) Po(m) pig (- | m) is a convex combination of these posteriors, so pe € conv{v >
w} = {v9° > w} by Lemma F.1(i). Hence Uqc(u%) > w. O

Lemma F.3. Assume M-CT. For every non-empty R C © and every message m € Mp, the
restricted game G|gr has a coalition (C, o, w) with type set C = P(m) N R and payoff w = v9°(ul.).

Proof. By Lemma F.1(i), u2 = Zle Aipi is a convex combination of beliefs p; with o(p;) > w,
weights A; > 0, and suppp; € C. We construct the coalition in two steps. First, we replace each
p; by a belief p; on the segment from p; to u% with w € V(p;), keeping u% a convex combination
of the p;. Second, using the cheap-talk copies of m, we construct a coalition strategy on C' that
induces these beliefs.

An intermediate belief on each segment. Fix i and let y(t) = (1 —t)p; +tud for t € [0,1]. Then
B(v(0)) = v(p;) > w and v(y(1)) = v(pQ) < v9(ud) = w. We claim that w € V((t)) for some
t. If not, then every ¢t has w ¢ V(y(t)) = [u(y(t)),v(y(t))], so v(y(t)) < w or v(y(t)) > w. By
upper semicontinuity of v and lower semicontinuity of v ((A4)), these two conditions define open
subsets of [0, 1]; they are disjoint and cover [0,1]. The first excludes 0 and the second excludes 1,
so 0 belongs to the second and 1 to the first, and both are non-empty. This splits the connected
interval [0, 1] into two disjoint non-empty open sets, which is impossible. Hence w € V(~(t;)) for
some t;. Set p; = ~y(t;); since p; and ,u% are supported on C, so is p;.

If t; = 1 for some i, then p; = u, so w € V(ul) and Remark 1, applied to m in G|, already
gives a coalition (C, ™, w); so assume t; < 1 for every i. Put 3; := \;/(1 — t;) > 0. Then

S pii= > A+ (3 2 )l = (30 8wl

so, after normalizing the 5; to sum to one, MOC = >, Bipi is a convex combination of the p; with
positive weights.

Splitting across cheap-talk copies. By M-CT there are k distinct copies my, ..., my of m sharing
its preimage, P(m;) = P(m), so P(m;) N R = C and every type in C' can send every copy. The
plan is to spread the coalition across the copies so that copy m; carries exactly the belief p;. To do
this, let each # € C send copy m; with probability
_ Bipi(9)

1e:(6) -
which is well-defined since pu&(0) > 0 by (A2). These probabilities sum to one over i, because
> Bibi = MOC, so o is a coalition strategy on C. Copy m; is then on path with probability
Po(mi) = pec 1&(0) o(m; | 8) = B;, so the evidence is exactly {my,...,my}, exclusive to C' (that
is, M—1(X(0)) N R = C), and Bayes’ rule returns the intended belief, u,(-|m;) = p;. Since
w € V(p;) at every copy, every message in the coalition’s evidence pays w, so (C, o, w) is a coalition
of G | R- OJ

o(m;|0) :

40



Proof of Theorem 4

By Lemma F.1, the closure game G9¢ satisfies M-C and QC, so the recursive construction in the
existence part of the proof of Theorem 1 yields a COE partition of G%¢. Write R; for its residual
sets, GI° := G%|p,, and W/ for the coalition payoff set of G{°, so w; = max W/ at every step. By
Lemma 3 applied in G}, we may take each cell to be a pooling cell (Cy, o™, w;) with Cy = P(my)N Ry
and w; = v9(ug, ).

For each ¢, Lemma F.3 applied to R; and m; yields a coalition (Cy, oy, wy) of Gy, with type set
Cy = P(my) N R; and payoff w; = 79°(ug:, ). These cells and residual sets coincide with those of the
COE partition of G4¢, so II := {(Ct, 54, wi) }I_, is a partition of G, and its payoffs are non-increasing
because those of the COE partition of G?¢ are.

It remains to show w; = max W; in G at every step; with the non-increasing payoffs established
above, II is then a COE partition of G. The payoff wy is attained in Gy by (Ct, o, wy), so wy € W.
For the upper bound, let (C, o, w) be any coalition of Gy. By Lemma F.2, w < 99¢(u,), so it suffices
to show v%°(ul) < wy. Iterating M-C over the finite evidence X (o), as in the proof of Lemma 3,
gives a message m* with P(m*) = U,,c x(,) P(m), so P(m*) N Ry = M (X (0)) = C. Pooling on
m* in G§° is a coalition with payoff 79¢(ul), so v9¢(ud) € Wi and hence 79¢(ul) < max Wi = w;.
Therefore w < wy, giving w; = max W;. By Lemma C.2(i), Il is a coalition-proof PBE partition,
so a coalition-proof PBE exists. ]

Proof of Corollary 1

Both message conditions hold: P(m”) = P(m) U P(m’) = © for any m,m’,m” gives M-C, and
since every message has preimage O, the assumption | M| > n is exactly M-CT. Every non-empty
X C M has M~}(X) = ©, so by exclusivity (C3) and its converse the type set of any coalition
of G is ©; hence every partition has T'= 1 and C; = ©. By Lemma F.2, every coalition payoff
is at most v9°(u’), and by Lemma F.3 (with R = © and any m) the payoff 29¢(u°) is attained, so
max We = 7%(u"). By Lemma C.1(iii), maxgeco u(f) < v9°(u’). A single-cell partition {(©, o, w1)}
is greedy if and only if w; = max(We N[maxpee u(f), o)) = max We = 74°(u”). By Proposition 2,
the coalition-proof PBE partitions are exactly these greedy partitions, so a coalition-proof PBE
exists and is essentially unique. O

G Proofs for Section 6.4

Proof of Theorem 5

Let {(Cs, 05, ws) } s<t be a greedy prefix with non-empty residual R; (Section C); we show the greedy
constraint set W; N [maxgper, w(f), wi—1] is non-empty (with wg := o0o). Write w; := max W,, which
exists and satisfies w; > maxgep, u(0) by Lemma C.1(iii).

If w; < wy_q, then w; itself lies in the constraint set. Otherwise w; > wy_1, so t > 2. Let
(C,0,w;) be a coalition of G; attaining w;. Every coalition payoff lies in the interval [vpin, maxae 7]
(see the proof of Lemma 2), so w;—1 € Wy_1 gives wy—1 € [Umin, W¢]. Because G satisfies PD, applied
in Gt to this coalition with target w;_1, the residual game G; admits a coalition (C, o', w¢_1), so
wi—1 € Wi, Moreover wy—1 > maxger, , w(f) > maxpeg, u(f) by greediness at step ¢ — 1 and
R; C R;_1, so wy_1 lies in the constraint set.

In either case the constraint set is non-empty; being the intersection of the compact W; with
a closed set, it has a maximum, which a greedy choice at step ¢ selects. Hence no run of Algo-
rithm 3 halts. Each run removes a non-empty cell, so it terminates in a greedy partition, which by
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Proposition 2 is a coalition-proof PBE partition. O

Proof of Proposition 4

Fix a non-empty R C O, a coalition (C, o, w) of G|g, and w’' € [vmin, w]; in each case we produce
a coalition (C,o0’,w’) of G|g, so that G satisfies PD and Theorem 5 applies. Write gy, := o (- | m)
for the posterior at each m € X(o); by (C4), v(¢m) > w > w', and supp ¢, € P(m) N C.

Case (i). Free disposal gives V(¢m) = [Vmin, 0(gm)] for each m € X (o), and vpin < v’ < w <
U(qm), so w' € V(gn). Hence (C,o,w'), with the same strategy o, is again a coalition of G|g:
conditions (C1)—(C3) are unchanged and (C4) is the membership just shown. No assumption on
the message mapping is used.

Case (ii). Since w' € [Vmin, U(gm)], decomposability writes each ¢,, as a convex combination of
beliefs supported in supp ¢, € P(m) N C, each paying w’. It remains to realize these beliefs as a
coalition. Group the evidence by preimage: let the P, be the distinct preimages among {P(m) | m €
X (o)}, and let p, := )\;1 Zm:P(m):Pp Po(m) gm be the coalition’s posterior conditional on sending
a message with preimage P,, where )\, := Zm:P(m):Pp po(m) > 0and 3 A, = 1, so that pe =
>0 Moty = Domex (o) Po(m) gm. Each p, is a convex combination of beliefs supported in P, N C
and paying w’, so by Carathéodory (A®© has affine dimension n — 1, where n := |0|) at most n of
them are needed. Since cheap-talk copies supply at least n messages with preimage P,, spreading
the coalition across these copies as in the proof of Lemma F.3 yields a coalition strategy ¢’ on C
whose on-path posteriors are exactly these beliefs; in particular every message in X (o) pays w'.
Since X (0’) realizes the same preimages as X (o), Mgl(X(a’)) = Mgl(X(a)) C C by exclusivity
(C3) for (C,0,w). Hence (C,0’,w’) is a coalition of G|g.

Case (iii). Revelation aversion makes V' decomposable, so case (ii) applies. Indeed, fix ¢ € A©
and w' € [Umin, (q)]. For each 6; € supp g, revelation aversion gives v(dp;) = vmin < w’ < v(q), s0
the intermediate-value argument in the proof of Lemma F.3 yields a belief on the segment from ¢ to
dp; that pays w’ and is supported in supp ¢. Since ¢ =} y q(0;) dg, and each such belief lies on the
segment from g to dy;, the belief ¢ is a convex combination of them; hence V' is decomposable. [

H Proofs for Section 6.5

Proof of Proposition 5

As a minimum of two affine functions, v is concave and continuous, so V' = {v} satisfies (A4) and v
is quasiconcave. On the edge {us = 0}, writing « := p1, v(z,1 — z,0) = min{z, 1.1 — 1.22}, which
equals z exactly for x < §; on the edge {u2 = 0}, v(z,0,1—2) = min{0.9+0.1z, 0.9— 2} = 0.9—z.

Coalition payoffs. The preimages are P(a) = {1,2}, P(b) = {1,3}, and M~*({a,b}) = O©.
A coalition of G with type set {1,2} cannot use b (exclusivity: 3 € P(b)), so both types send a
and w = v(1,1,0) = I; likewise {1,3} gives w = 0.4. A coalition with type set © must use both
messages, with type 1 sending a with some probability « € [0, 1]: the posterior at a lies on {3 = 0}
with p1-coordinate a/(1 + o) € [0,1], and the posterior at b on {uo = 0} with ps-coordinate
(1-—a)/(2—a) € [0, 5]. The common-payoff condition requires f(a) := a/(1+a)+(1—a)/(2—a) =
0.9; but f(0) = f(1) = 5 and f'(@) = (1 + a)™? — (2 — @)~ ? vanishes only at a = 3, where
f(3) = 2 < 0.9, so no such « exists. Singletons fail exclusivity (1 € P(a) N P(b), 2 € P(a),
3 € P(b)). Hence We = {0.4, 5}.

Skeptical payoffs. Type 2 is forced to a, so by Lemma K.3 F(a) = {(z,1 —2,0)|z € [0, 3]}
and ming,y v = 0; likewise F(b) = {(7,0,1 — )|z € [0, 1]} with mingp) v = 0.4. Thus u(1) =
max{0,0.4} = 0.4, u(2) =0, and u(3) = 0.4.
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Every greedy run halts. At step 1 the constraint set is We N[0.4,00) = {0.4,1}, so wy = £ and
Cy = {1,2}, the unique coalition attaining it. The residual game on {3} has coalition payoff set
V(63) = {0.9}, and the step-2 constraint set is {0.9} N[0.4, 3] = @. Every run of Algorithm 3 halts,
so by Proposition 2 no coalition-proof PBE exists.

Cheap-talk copies. Augment M with three copies of each message; preimages are unchanged,
so coalition type sets still lie in {{1,2},{1,3},0}. For any coalition (C,o,w) of any restricted
game, ,u% is a positive convex combination of the on-path posteriors, each paying w, so quasi-
concavity gives w < v(pd) as in Lemma 3. Posteriors of a-copies are supported in {1,2}, where
v < maxgeo,1] min{z, 1.1 — 1.2z} = %; so every coalition using an a-copy, in particular every ©-
coalition, has w < 3, while {1,2}- and {1, 3}-coalitions have w < % and w < 0.4. Hence the
largest coalition payoff is still %, attained by pooling {1,2} on an a-copy, and only by coalitions
with type set {1,2}: a ©-coalition attaining % would need every a-copy posterior equal to ( %, %, 0),
the unique point of the {y3 = 0} edge with v = 1, and every b-copy posterior equal to (0.4,0,0.6),
where 0.9 —x = %; matching the type-2 mass of u° forces weight % on the former, leaving type-3
mass 0.2 # % So every greedy run again selects Cy = {1,2} at wy; = %; the residual coalition payoffs
are V' (d3) = {0.9}, and since adding copies only lowers the skeptical floor, the step-2 constraint set

is again empty. Every run halts, and no coalition-proof PBE exists. O

Proof of Theorem 6

Write © = {6,60'} and w; := max Weg, which exists and satisfies w; > u(6”) for each §” € © by
Lemma C.1(iii), so any coalition attaining w, is an admissible greedy selection at step 1.

Case 1: some coalition attaining wi has type set ©. Selecting it completes the run at T' = 1;
by Proposition 2 a coalition-proof PBE exists.

Case 2: every coalition attaining wy is a singleton. Fix one, ({0}, 01, w1); all its posteriors are
89, so w1 € V(dp), and its evidence X; satisfies X; N M (0') = & by exclusivity. Then 6 is not forced
to any m € M(0'): if M(0) = {m} with m € M(¢'), then X; C {m} meets M(6'). Hence for every
m € M(0') there is a strategy in which only 6’ sends m, so dpr € F(m) and therefore

0') = i < v(dgr).
u(6') na - oin )y(u) < v(d¢r)

Case 2a: v(dgr) < wy. The residual game on {0’} has coalition payoff set V (dg/) = [v(dg),D(dg/)]:
every strategy of G|y induces dy at each on-path message, and exclusivity is automatic in a one-
type game. The step-2 constraint set V(dg) N [u(#),w1] is non-empty, because v(dy:) < wy and
w(0") < wv(dgr) < T(dg), and two closed intervals intersect exactly when each lower endpoint is below
the other’s upper endpoint. The greedy run completes at T' = 2.

Case 2b: v(dg) > wy. First, every m € M(6') has P(m) = ©: if P(m) = {0}, pooling {0}
on m is a coalition of G with payoff v(dy) > w1 = maxWe, a contradiction. Fix m € M(6')
and, for t € [u°(0'),1], put q = tdy + (1 —t)dp. The sets O1 = {t|v(q;) < w1} and Og :=
{t|v(q:) > wi} are disjoint and relatively open in [°(6’),1] by (A4). Suppose some t* lies in
neither, so wy € V(g¢+). Let 6’ send m with probability one and let 6 send m with probability
o = p0(0") (1 —¢*)/(1°(0) t*) € [0,1], distributing its remaining mass proportionally to o1 on X.
The on-path posteriors are g« at m, paying w; € V(g-), and dp at the messages of X (used if
a* < 1), paying w; € V(dg); the evidence has preimage ©. So (O,-,w) is a coalition attaining
wy, and Case 1 applies. Otherwise O U Os covers the interval; since 1 € Oy and the interval is
connected, O1 = @, so Oy is the whole interval and in particular v(u®) > w; at t = u°(0’). But
pooling © on m is a coalition of G with payoffs V(") > v(u°), so v(u’) < maxWe = wy, a
contradiction. O
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Proof of Proposition 6

If IT is coalition-proof it admits no blocking coalition, in particular no self-enforcing one. For the
converse, let I1 = {(Cy, 04, w;)}_; be a PBE partition that is not coalition-proof; we exhibit a
self-enforcing blocking coalition. Each of (a)—(c) supplies two properties, and each hypothesis is
inherited by every restricted game (quasiconcavity and betweenness are inequalities over all of A©;
restricted preimages remain closed under unions; and genericity restricts to subsets):

(P1) every restricted game G|r admits a greedy partition, and every greedy partition of G|g has
first payoff max Wg, under (a) and (b) by the inductions in the proof of Theorem 1(i) and
(ii), and under (c) by Theorem 2; the first payoff equals max Wg because the step-1 window
is [maxger u(f), 00) and max W clears the floor by Lemma C.1(iii);

(P2) max Wg. ¢ < max Wg whenever a coalition with type set C attains max Wpg and R\ C # &,
by the QC* and genericity cases of Lemma D.1 under (a) and (b), and the B* case of Lemma 6
under (c).

We claim w; < max W; at some step. Otherwise w; = max W, for every t, which together with
non-increasing payoffs makes IT a COE partition (Definition C.1), hence greedy by Lemma C.2(i),
hence coalition-proof by Proposition 2, a contradiction. Let t be the first such step and set w :=
max W;. If t > 2, minimality gives w;—1 = max W;_, attained by the step-(¢ —1) coalition, so (P2)
yields w = max Wy < wy_q; if t = 1, trivially w < wg = oo. Since II’s payoffs are non-increasing,
the cells paid strictly below w are exactly Cy, ..., Cp: cells s < t pay ws > w;_1 > w and cells s > ¢
pay ws < wy < w. Hence ©O(w) = Ry # @.

By (P1), the restricted game Gy = G|eg(z) admits a greedy partition IT', which is a coalition-proof
PBE partition of G; by Proposition 2, and whose first coalition (C{, 0}, w)) has w} = max W, = w.
That coalition is a coalition of G/|g(g), hence a blocking coalition of II, and it is the first coalition
of a coalition-proof PBE partition of G \@(a), hence self-enforcing. O

I Proofs for Section 7

Lemma I.1. Let v: © — R>q be nonzero and let i € A,. Then there is a nonzero n < v with
f) = p and supp(v —n) S suppv.

Proof. Set A := miny. ,g)~0v(0)/p(0) and 7 := Ap. Since p > 0 and A > 0, we have n > 0. Then
n<wv,n#0,and /) = p. Because n > 0, we have supp(v —n) C suppv. If § attains the minimum,
then n(0") = v(#'), so (v —n)(0') = 0 and ' leaves the support after n is removed; hence the
inclusion is strict. O

Proof of Proposition 7

By Lemma I.1, the greedy increment induces pu};, attains the maximum payoff over A,, and removes
at least one type from the support. Iterating from 1y = u® therefore reaches I'g in at most |©] steps
and produces a coalition-optimal partition, proving (i) and (ii). For (iii), if maximizers are unique,
any coalition-optimal partition must induce pj, | at step ¢. Since it also retires a type, feasibility
forces its scale to be A*(14—1), so the increment is the greedy increment. Induction from vy = 0

gives uniqueness. O

The remaining proofs maintain the uniqueness hypothesis of Proposition 7(iii), as in the tent
subsection of Section 7: ¥ has a unique maximizer ug, over each face Ac.
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Lemma 1.2. Let @ # D C C C O. Ifsuppus C D, then pup = pg.

Proof. The belief u7, lies in Ap and, since Ap C Ac, maximizes ¥ over Ap; uniqueness of the
maximizer over Ap gives puj, = pug. O

Proof of Proposition 8

For a nonzero sub-measure v, the greedy construction of Proposition 7 run from v produces in-
crements 7, with 7y = plupp,, 5 call D2, m(0) (1) the greedy value of v. We prove the following
claim: for every family of non-empty sets £y 2 Fy D --- D Ei and weights «agp,...,ax > 0
with v = > ay pj, , the value > ) oy 0(uj;, ) equals the greedy value of v. The proposition fol-
lows: dropping the zero weights turns any simplex decomposition of y into such a family, so every
decomposition of p has the greedy value of p.

First normalize the family. Let S := suppv. For every k, oy, < v gives supp pup, C Ex NS,
SO M*Ekﬂs = ,u*Ek by Lemma [.2; replacing each Ej by Er NS changes neither the summands nor
the values, so assume Ej, C S for every k. Then S = suppr C |J, supp e, < Eo forces Fy = S.
Merging consecutive equal sets, whose peaks coincide, assume Fy 2 Ey 2 --- 2 Ek.

We induct on K. If K = 0, then v = aou§, so \*(v) = ap: the run retires all of v in
one step, with greedy value ago(ug). If K > 1, the first greedy increment is A*(v) g with
A*(v) = mingesupp g, (0)/15(0). On the one hand, v — appy = > j5q iy, > 0, 50 X*(v) > ap.
On the other hand, supp ug € Ei: otherwise every summand of v would be supported in Fy, giving
S =suppr C By C 5. Any 0" € supp ug \ E1 has pp, (0°) =0 for k > 1, so v(0") = ag p5(0%) and
A*(v) < ap. Hence the first increment is exactly aop, contributing o v(1%), and the run continues
from vy = 3~ agpy, . whose greedy value is Dy~ ay 0(pj;, ) by the induction hypothesis. O

Proof of Proposition 9

For (i), put pf on a nested chain through C with weight 1 on C'; this decomposition has value
v(pg), and Proposition 8 gives the same value for every decomposition of . For (ii), the three
beliefs share the same list (ua), so their tent values are the corresponding sums »_,(-); U(,ua),
which are linear in the weight vector.

For (iii), fix 4 and choose a simplex decomposition g =) ;Wi ua along a nested chain. Induct
on the number of positive weights. If there is only one, then y = Na. for some j, and (i) gives
flp) = U(,ua) = 't (y). If there are at least two, choose an index J with ¢ := w; € (0,1) and set

wi=> Iy 1“—_]4 ,ugj. Then 4’ has a decomposition on the same chain with one fewer positive weight

and p = Cug, + (1= Qp'. By (i) and (i), f(p) = Co(ug,) + (1 =) f(1'), and the same calculation
gives v*"(u) = (0(ug,) + (1 — v (). The induction hypothesis gives f(u') = v*™ (1), so
f(p) = v (). O

J Proofs for Section 8

Proof of Proposition 10

Let (o, 1, 7) be a truth-leaning equilibrium; as noted in Section 8.1, it is a PBE of G with r = vop,
and off path pu(-|m) = 6, € F(m) by reflexivity. Let II = {(C;, 04, w;)}¥_, be the associated PBE
partition with strictly decreasing payoffs w; > --- > wy (Proposition 1): its cells group the types
by equilibrium payoff, 8 € C; if and only if u(0) = w;, and r(m) = w; for every m € X;.
Throughout we use the truth-telling dichotomy of Hart, Kremer, and Perry (2017, Proposi-
tion 2): in a truth-leaning equilibrium, for every type 0, either v(dg) > u(f), message 0 is on path,
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and o(0]0) =1, or u(f) > v(dg) and o(0|0) = 0. In particular, v(dp) > u(f) implies that type 0
sends its own message with probability one.

Suppose, toward a contradiction, that (5’,5,@) is a blocking coalition of II, with evidence
X := X(5). Let 7 := min{i |w; < @}; by non-increasing payoffs, O(@) = R, and C = ng(f()
Since betweenness and single-valuedness hold, Lemma 4 applied in G|r_ gives w = v(u%).

Step 1: a truthful witness. Since u% =D pel u%(@) 8, the quasiconvex half of B yields 6* € C
with v(dg«) > w. As 0* € R, its equilibrium payoff satisfies u(6*) < w, < w < v(dp+), so by the
dichotomy o (6* | 0*) = 1: type 6" sends its own message, which is therefore on path.

Step 2: the messages named by C. Identify messages with types. First, if § € R, can send
some message m € C, then § € C: since m € C = ME}(JZ), there is m’ € X N M(m), and

transitivity (L2) gives m’ € M(6), so 6 € Mg} (X) = C. Second, for i < 7 the evidence X; is
disjoint from C: if m € X; N C, then, viewing m as a type, m € C C R, CR; and reflexivity (L1)
puts m € M]gil (X;) = G, contradicting m € R;+1 = R; \ C;.

Step 3: the posterior on the event E. Let E be the on-path event that the sender’s message lies
in C’ it has positive probability because 0" sends message 6" € C with probability one. By Step 2,
only types in C send messages in C: earlier cells use evidence disjoint from C and types in R; \ C
cannot produce such messages. For 6 € C let Bo € [0, 1] be the probability that §’s message lies in
C, and let pe, with pg(0) oc 1°(0) By on C, be the posterior conditional on E.

Step 4: downweighted types have low value. If By < 1, then o(0]60) < By < 1 (message 6 lies in
C), so the dichotomy gives v(dp) < u(f) < wy < @.

Step 5: v(ug) > w. Let A= 3, & ,u%(e) Bo € (0,1]. If X =1, then pug = u% and v(up) = w.
Otherwise ,u% = Mg+ (1= ) ftout, where piou (0) oc 19(8)(1— Bg) is supported on {0 € C | Bo < 1};
by Step 4 and the quasiconvex half of B, v(uow) < maxg,<1v(dp) < w. Betweenness on the
two-point combination gives w = v(,u%) < max{v(ug),v(tout)}, S0 v(ug) > .

Step 6: contradiction. The posterior pup is a convex combination, with positive weights, of
the on-path posteriors pi,(-|m) over the on-path messages m € C. The quasiconvex half of B
yields such a message with v(py(-|m)) > v(ug) > w. But by Step 2 every on-path message in C
belongs to some X; with ¢ > 7, so it pays r(m) = w; < w;; and r(m) = v(us(-|m)) because V is
single-valued. Hence v(uq(-|m)) < w, < w, a contradiction. No blocking coalition exists, so II is
a coalition-proof PBE partition and o is a coalition-proof PBE strategy.

For the outcome claim, truth-leaning equilibria exist, and every truth-leaning equilibrium out-
come is the receiver’s unique optimal-commitment outcome, by Proposition 1 and Theorem 1 of
Hart, Kremer, and Perry (2017). Since the supporting strategy is a coalition-proof PBE strategy,
that outcome is a coalition-proof PBE outcome of G. 0

Proof of Corollary 2

An evidence game has V single-valued and v satisfying B (Definition 27); since G is generic, the
essential-uniqueness clause of Theorem 2 applies: all coalition-proof PBE partitions of G have
the same cells and payoffs. Let (o, u,7) be a truth-leaning equilibrium. By Proposition 10, o is
a coalition-proof PBE strategy, that is, associated with a coalition-proof PBE partition, and the
outcome of the equilibrium, each type’s payoff and pooling pattern, is that of its partition (Proposi-
tion 1). Essential uniqueness therefore makes these cells and payoffs common to every truth-leaning
equilibrium and every coalition-proof PBE. Finally, Hart, Kremer, and Perry (2017) show that the
truth-leaning outcome is the receiver’s optimal-commitment outcome (their Theorem 1), so the
common outcome is the commitment outcome. O
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K Technical Lemmas (for online publication)

The following lemma records the standard microfoundation under which a disclosure game’s payoff
correspondence V' satisfies (A4): it is induced by a receiver who best-responds to her belief with
continuous utilities over a compact action space.

Lemma K.1. Let A be a non-empty compact Hausdorff space, let ug: A — R be continuous, and,
for each 6 € O, let ug(-,0): A — R be continuous. For p € AO and a € A let Ur(a,pn) =
>oco 1) ur(a,0) and a*(p) := argmaxeea Ur(a,p), and set V(p) = conv(ug(a*(n))), with
envelopes T(p1) = MmaXgeq«(y) us(a) and v(p) = Mingeq«(,) us(a), so that V() = [v(u), v(p)].
Then V is non-empty, compact-valued, convex-valued, and upper hemicontinuous, so it satisfies
(A4); moreover T is upper semicontinuous and v is lower semicontinuous.

Proof. The map (a, ) — Ug(a, ) is continuous and A is compact, so by Berge’s maximum theorem
(Aliprantis and Border, 2006, Theorem 17.31) the best-response correspondence a* is non-empty,
compact-valued, and upper hemicontinuous, and the value functions v and v are upper and lower
semicontinuous, respectively. Each V(u) = [v(u),v(p)] is therefore a non-empty compact interval,

and the upper hemicontinuity of V' follows from the semicontinuity of its two endpoints. 0

Lemma K.2. For every disclosure game G and non-empty R C ©, the restricted game G| is itself
a disclosure game, and Glo = G. Moreover, restriction is transitive: for non-empty R’ C R C ©,

(G|r)|r = Glr-

Proof. The sets R and Mg are non-empty and finite, each Mg(0) = M(0) is non-empty, Mp =
Uger M(0) gives (A3), and pu, has full support on R. The zero-extension ¢t e is continuous, so
Vr =V o1pe is upper hemicontinuous and takes the same non-empty compact interval values as
V, giving (A4). Thus G|g is a disclosure game. For R = © we have py°(©) = 1 and 19 ¢ = id, so
every component of G|g equals that of G.

For transitivity, both sides have type space R’, message space | Jyc pr M (#), and message mapping
M. The priors agree: for 6 € R/,

_ R0 _ p1°O)/n(R) _ A
P (R~ pO(R)/pO(R) — H

The payoff correspondences agree because tre © Lr/ g = LR’ 0- O

(6).

Fix a disclosure game G = (0, M, M, 1% V) and a message m € M. Recall that P(m) =
M~1({m}) is the set of types that can send m, and let F(m) := {# € ©| M () = {m}} be the set
of types forced to send m; note that F'(m) C P(m).

Lemma K.3. The set of feasible beliefs F(m) is the set of all € AO such that
(i) 1w(6) =0 for every 0 ¢ P(m);
(ii) p(0) 100') = p(0") 40(6) for all 6,6 € F(m);

(iii) 1u(0) p0(0") < p0(0) w(@') for all § € P(m) ~ F(m) and 0 € F(m).

In particular, F(m) is a non-empty compact convex polytope.
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Proof. Write P := P(m) and F := F(m); the set P is non-empty by (A3), and write pu°(F) :=
> per 1°(0). Every sender strategy o satisfies o(m|6) = 0 for 6§ ¢ P, since suppo(-|6) C M(6),
and o(m|0) =1 for 0 € F, since M(0) = {m}.

Parametrization. Let o be a strategy with m € X(o), and put oy := o(m|6) € [0,1] for
9 € P\ F. The denominator of Bayes’ rule is D := py(m) = pu°(F) + Y gcpp 1°(6) ap, and the
induced belief p := py(-|m) is

p00)/D,  G€F,
w(®) =< @) ap/D, € P\F,
0, 0 ¢ P.

Feasible beliefs satisfy (i)—(iii). Let pu € F(m), with parameter  and denominator D as above.
Condition (i) is immediate. For 0,6’ € F, both u(0) u°(0") and pu(6") u°(6) equal u°(0) u°(0")/D, so
(ii) holds. For 6 € P\ F and ¢’ € F,

p0(0) g p2(0') _ p2(0) po(0")

1(0) 10(0') = 5 <= =uO)u),

since ap < 1, so (iii) holds.

Beliefs satisfying (i)—(iii) are feasible. Let p € AO satisfy (i)—(iii). Each 6 € P ~ F has
M(0) ~ {m} # &, so it can send m with any chosen probability and place the remaining mass on
M(0) ~ {m}; each 6 € F sends m; each 0 ¢ P sends a message in M (6), none of which is m.

If F = @, then (i) gives suppu C P. Set ¢ := maxgesupp u 11(0)/p°(0) > 0 and let each § € P
send m with probability ag := p(6)/(c u°(0)) € [0,1]. Then p,(m) = > pcp () g = 1/c > 0 and
1o (0] m) = 10(0) ag ¢ = p(0).

If F # @, then u(6') > 0 for every 6’ € F: otherwise (ii) makes p vanish on all of F'; and then
(iii) makes p(0) < 0 for every € P~ F, so with (i) the belief ;1 would have total mass zero. By (ii)
the ratio A := pu(6')/u°(0") is the same positive number for every 6’ € F. Put ag := u(0)/(A u°(0))
for 6 € P\ F; then ap > 0, and ap < 1 by (iii). Since p has total mass one,

1= 200 + 3 A @) g =A(1F) + 30 1(0) ),

oeF 0eP\F 0eP\F

so the denominator D equals 1/), and the strategy that sends m with probabilities o induces p by
the parametrization.

Conclusion. Taking the strategy under which every type in P sends m gives ,u(l)g(m) € F(m), so
F(m) is non-empty. Conditions (i)—(iii) are finitely many linear equalities and weak inequalities,
so they cut the simplex A® down to a bounded polyhedron. Hence F(m) is a non-empty compact
convex polytope. O

Lemma K.4. FEvery disclosure game admits a PBE.

Proof. We exhibit a triple (o, u,r) satisfying the conditions of Definition 7 as a fixed point of a
correspondence on the non-empty compact convex set

K =X x H F(m) x H I E::HAM(G), I:= [rgglg,ng%xﬁ.
meM meM 0cO

Here ¥ is the set of sender strategies, a product of simplices; each F(m) is a non-empty compact
convex polytope (Lemma K.3); and [ is a compact interval, finite because v is lower semicontinuous
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and v upper semicontinuous on the compact simplex A© by (A4), with V' (u) = [v(n),v(p)] C I for
every i € AO. Since © and M are finite, K is a subset of a finite-dimensional Euclidean space.
Define @ : K = K by

(o, pr) = S() x [ Bulo) x [ Vut-Im)).

meM meM

where

{no(-m)}, me X(o),

Str) =1 ere_max, 3. rlm)r(m), Bn(o):= {f(m) m ¢ X(0).

cAM(0
gpco ( )meM(e)

Because a distribution maximizes a linear objective if and only if its support lies in the set of
maximizing coordinates,

arg Teriljawx(e) mezM:(e)T(m) r(m) = {7 € AM(0)| supp 7 C argmax,,eng) r(m)}. (1)

® has non-empty, compact, and convex values. Fix (o,u,r) € K. For each 0, the com-
ponent arg max-cans(g) _,, 7(m)7(m) of S(r) is non-empty, because the continuous linear map
T+ > . 7(m)r(m) attains its maximum on the non-empty compact simplex AM(#); by (1) it
is a face of AM(#), hence compact and convex. Each B,,(c) is a subset of F(m): on path it
is the singleton {us(-|m)}, with ps(-|m) € F(m) by Definition 5; off path it is F(m), which is
non-empty, compact, and convex. Finally, V(u(-|m)) = [v(u(-|m)),v(u(-|m))] is a non-empty
compact interval contained in I by (A4). As products of these sets, the values of ® are non-empty,
compact, and convex.

® has closed graph. Let (o, g, i) — (o, , ) in K, and let (o, py.,7.) € ®(0ok, pu, ) converge
to (o, 1/, r"). We verify (o, p/,r") € ®(o, p, ) coordinate by coordinate.

e Sender. Since o}, € S(ry), for every 6 and every T € AM(6),

Yo okm|O)r(m) = Y r(m)r(m).

meM (6) meM(6)

Each side is a finite sum of products of convergent sequences, so the inequality is preserved
in the limit: >, o'(m|0)r(m) > >, 7(m)r(m) for every 7. Hence o’ € S(r).

e Beliefs. Fix m. If m ¢ X (o), then B,,(0) = F(m), and p/(-|m) € F(m) because ) (-|m) €
B, (o) € F(m) for every k and F(m) is closed. If m € X (o), then p,(m) > 0. The on-path
probability py(m) =Y, u°(0) o(m|6) is continuous in o, so py, (M) — py(m) > 0 and hence
m € X (o) for all large k. For such k, By, (ok) = {o, (- |m)}, so pi(-|m) = pg, (- |m); and
since the induced belief ji, (0 | m) = 1°(0) 0(m | 0)/p,(m) is continuous in o wherever p, (m) >
0, we get u).(-|m) = pio(-|m). By uniqueness of limits, p/(- | m) = po(-|m) € By (o).

e Payoffs. For each m, ri.(m) € V(ux(-|m)) with pg(-|m) = p(-|m) and rj(m) — ’(m). By
(A4), V is upper hemicontinuous with closed values on the compact simplex A®, so it has
closed graph; therefore '(m) € V(u(-|m)).

By Kakutani’s fixed-point theorem (Border, 1985, Corollary 15.3, p. 72), ® has a fixed point
(o, p, 7). It satisfies the four conditions of Definition 7: u(-|m) € By,(0) C F(m) gives feasibility;
for m € X(0), Bn(0) = {us(-|m)} gives the on-path Bayesian condition; r(m) € V(u(-|m)) gives
payoff compatibility; and o € S(r) together with (1) gives sequential rationality. Hence (o, u,r) is
a PBE. O
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